

'■KiLLETiH-sir';,:';; 




,/ Ti ; 


CALCUTTA 


MATHEMATICAL SOCIETY 


VoL. XXVIII 


1936 


[Puhlished Quarterly in March, June, September and 
December] 


CALCUTTA UNIVERSITY PRESS 
1937 



CONTENTS 


Page 

1. Oil' a class of determinants having geometrical applications — 

■ By N. N. Ghosh' ... ... ... ... 1 

2. On a class of Integral equations — By Maurice de Duffahel 13 
S ’ Plane strain in an infinite plate with an elliptic hole — ^By 

" S. Ghosh ... ... ... ... 21 

4. Lines of stfiction on the quadric and on some other scrolls — 

By 0. N. Sfinivasienger ... ... ... 49 

b. Simultane Identitaten — By Alfred Moessner ... ... 57 

6. On Linear sub-spaces in an Euclidean hyperspace — By N. 

N. Ghosh ... ... ... ... 68 

7. On the vector derivation of the invariants and centroid 

formulae for convex surfaces — By S. N. Boy ... 79 

8. Equation de Laplace dans I’espace h. deux dimensions — By 

S. P. Slouguinoff ... ... ... 89 

9. On some simple distributions of stress in three dimensions 

—By S. Ghosh ... ... ... ... 107 

10. On SchlSfli’s generalization of Napier’s Pentagramma 

Mirifioum — By H. 6. M. Coxeter ... ... 123 

11. Stress distribution in a heavy circular disc held with its 

plane vertical by a peg at the centre — ^By S. Ghosh ... 145 

12. Some polynomials analogous to Abel’s polynomials^ — ^By 

Maurice de Dufiahel ... ... ... 161 

13. Theory of Skew rectangular pentagons of hyperbolic space : 

I. Derivation of the set of associated pentagons — By 
E. C. Bose ... ... ... ... 169 

14. The effect of finite breadth of hammer striking a pianoforte 

string — By Debidaa Basu ... ... ... 187 

16, On the solution of Laplace’s equation suitable for problems 

relating to two spheres touching each other — ^By S. Ghosh 193 

16. Note on the transverse vibration of freely supported rect- 

angular plates under the action of moving Toads and 
variable forces — By Bibhutibhusan Sen ... ... 199 

17. An infinite integral involving Bessel function and parabolic 

cylinder function— By B. S. Varma ... ... 209 



CONTEN^g 


8. On some two-dimensional problems of Elasticity — ^By 

S. Ghosh 

9. Sur I’equation aux d^rivdes partielles qui se presents dans 

la th^orie de la propagation de Telectricitd — ^By Maurice 
de Duffahel 

0. Sur les couples de fonctions uniformes d’une variable ^By 

Maurice de Duffahel 

1. An extension of Wilson’s theorem — By N. Eama Rao and 

N. Basava Raju 

2. Numerische Identitaten — By Alfred Moessner ... 

3. Rings with non-commutative addition — By Olga Taussky ... 
A propos d’un m^moire du regrettd Ganesh Prasad 
Correction 

Review 


S3.® 


XSJL 

ai. 


kei3H,nakijm:ari: gaxesh pbasad prize and medal 

(Foil 11)38) 

The Council of the Calcutta Matliematical Society invites “ Thesis” 
embodying the result of Original Research or investigation in the 
following subject, for the Krishnakumari Ganesli Prasad Prize and 
Gold Medai for the year 1938. 

Tjives and works of the ten famous Hindu Mathematicians : — ■ 

(1) Aryabhatta, (2) Varahamihir, (3) Bliaskara I, (4) Lalla, 
(5) Brahmagupta, (6) Sridhar, (7) Mahabir, f8) Sripati, (9) Bhaskara 
II, (10) Narayana. 

The last day of submitting the thesis for the present award m 
31st March, 1988. Three copies of the thesis (type written) are to be 
submitted. 

The competition is open to all nationals of the world without any 
distinction of race, csaste or creed. 

All communications are to be sent to the Secretary, Calcutta 
Mathematical Society, 92, Upper Circular Road, Calcutta. 




1 


A = 


^12 ••• 

^in 

, B = 

h 1 1 

hi2 

... hjn 


®21 

022 ... 

(t'2n 



^22 

... b2« 


®ml 

0„j2 

^mn 


hml 

hm2 

... bmn 


On a Class of Determinants having G-eometrical 
Applications. 

BY 

N. N. Gnosn. 

The determinants studied in this paper are those formed by the 
multiplication of rectangular arrays. If 


... ( 1 ) 


be a pair of rectangular arrays each having m rows (linearly indepen- 
dent) and n columns, n>m, then the product AB or BA of these two 
arrays is the determinant of mth order 

(a/b)u (a/b),, ... (a/b)u, 

(a/b)2i ia/h)22 .., {alh)2m 

I 

... ( 2 { 


(«/h)r„i (alb)^2 ... mm 

Tn the above (a/6)i j represents 

tti^b ji + ai 2 b J 2+ ... +0’inbjnt ... (B) 

which may be regarded as the product of two single-rowed arrays 
l«ii ... 1 and I bji bj^ -- hj-n I i 

We shall use the following compact notation 
j ai % ... I 

I h h-iJ' 
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to represent (2) and the properties of the determinant will be obtained 
with reference to (4). 

To write down the constituent in the ith row and jth column of (2) 
by mean^ of (4), we take the ith element of the first row and jth 
element hj of the second row from it. Then we associate with a^, 
the array j i and with hj, the array | bji .^.bjn 1 

and by forming their product we get (3). 

2. From each of the rectangular arrays (1) we can form (,” ) 
determinants of order m. Let /3,„p represent a pair of correspond- 
ing determinants in A and B, then the value of (2) is expressed also as 

+ '^m2^OT2 "t" + ... (5) 

where all possible products of corresponding determinants are 
involved. 

The wl/m l(n-m) 1 quantities a^g, ...a^p. taken in some 

definite order will be called co-ordinates of the array A. 

3. Square, of an array A is, by our notation (4), represented as 


a^ a. 


Gra 


( 6 ) 


whence the element in the ith row and jth column of (2) is written 

(afa)ij s= ... (7) 

Corresponding to (5), the value of (6) is also given in the form 


ml ^ m2 ^ 


+ a 


mp' 


(8) 


To find an interpretation of A + B, we remark that since 
(A + B)2 = A2 + B2+eAB 

" {*»»! d" + (oi„j2 + + ... p d" ^ d" (9) 


A + B must represent an array whose co-ordinates are the sums of the 
co-ordinates of A and B. As we cannot in general express the sum of 
two determinants as a single determinant, so with regard to arrays. 
A + B cannot in general be expressed in ihe form of an array. In the 
ease of single-rowed arrays this is obviously possible and such arrays 
may be identified with vectors. From (5) and (9) it can be seen that 
the co-ordinates of an array form a vector.* 


^ Such vectors are called pure vectors. 
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4. In the determinant (4) we have only two rows and m columni, 
the elements in each of them are one-rowed arrays of order n, which 
we shall, henceforth, call vectors. There are thus two sets of vectors 

hi and (4) may be called the scalar deUrminant of mth order of the 
sets of vectors a i, hi. 

The following properties of a scalar determinant are easily verified : 

(i) Interchange of rows or columns in a scalar determinant does 
not alter its value. 

(/i) If any two vectors of a row be interchanged, the sign of the 
scalar determinant is changed. Hence, if any two vectors in a row be 
identical, the determinant vanishes. 

{Hi) If any vector in a scalar determinant is the sum of a certain 
number of vectors, the determinant can be resolved into a correspond- 
ing number of scalar determinants. 

{iv) If any vector is multiplied by a scalar, the determinant is 
multiplied by that scalar. 

(■y) If m >■ n or the vectors be not linearly independent, the scalar 
determinant (4) vanishes. If m=w, the scalar determinant breaks up 
into the product of twQ determinants. 

n. We shall now obtain Laplace's expansion for a scalar deter- 
minant. 

If iy, i. 2 , ... ir is a sequence of r distinct integers in natural order, 

chosen out of the integers 1, 2, ... m and the remaining 

(m—r) integers also arranged in natural order, then the scalar deter- 
minant 

( ay ^2 ... a„,, 

1 ... I>„j, 

may be expressed in the form 

1 bi^ I 

where I = ... +«,.. 

In the above (^) terms are involved each corresponding to an r- 
oombination of the numbers 1, 2, ... m. 

6. The following general theorem with regard to scalar deter- 
minants may be proved by the process of induction. . ■ 


®>*+i + S ••• 

bi , hi 
*r + l *r+2 


... ( 10 ) 
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If the vectors (z = l, 2, ... s) are replaced by 

Pil + Pi 2 <^'2 + + Vir <^'r> 1' S 

in the scalar determinant 

I aj ttg ... ) 

I hi 1)2 ... hm ) 


then it is resolved into 

51 ’., 4 


where P f i 


ft' ft', ...a', ft , 

it i»> i, J(+l 


1*2 


hi 62 ••• fe.+ i ••• hm j ’ 

stands for the determinant of sth order, 


Pi i I Pi « 2 ' 

Psi, Pzu ••• P2i 


• P«ij P^*2 *” P*'« 

the summation being extended over all «-combinations of the numbers 

1, 2, ...... r. > 

If r=8, then obviously 



^2 •• 

, . ft,,, ) 

1 


..ft' ft 

9; r + 1 

ft ) 



f - I 12 ’ 




} 

( &I 

b, . 

K ) 

( 

62 . 

.. 6,. 1)^,1 . 

■ • hffi, ) 


7. Starting from an origin 0 and a system of n rectangular axes, 
the in vectors fti, a 2 ,...ft,„ forming the array A determine an 
sional linear sub-space. If pi, be scalars, then any vector of 

the form Pifti + p 2 a 2 + -“+PA belongs to the sub-spaee. Let ns 
suppose that in the scalar determinant 

j«l 

\bi &2---br») 

the vectors ftj (i-1, 2,...8) are replaced by vectors 

t ■’ 


A Class op dbteeminants having geome^eioal applioations $ 


that (12) now contains only a single term, the other terms vanishing 
because of the property (it). Hence the result is put in the form 


a I a2...a^, 


12"-i 


If again the vectors {i=l, are replaced by 


( 16 ) 


9il6i+3i2^2+ +^imbm, 

in a similar manner, the resulting change will be indicated by the 
formula 


l 2 • • • * • Q 1 2 • • ■ 


Cl as,...a^ 


( 17 ) 


8. We shall now prove in a general way that the scalar determh 
nant is an invariant'^' for any orthogonal transformation. 

Let a'l, a ! 2 ,...a'n be a set of n independent orthogonal unit vectors 
such that 

ia'[a')t f = 1. 

By choo.sing m of them we can form {^) seta of vectors and it is easy 
to see that the scalar determinant of two similar sets is 1, while that of 
two dissimilar sets is 0. 


Let di — + ........ 

bi -g <ia'i + gtgay+ + 

then the scalar determinant 




1*^1 j 

i^I ^2 


transforms into 


_ _ ^ ' (a'i a'i ) 

12 m 1 2 w i a't f 

b 1 2 m) 

where the sum is taken over all 'm-^oomhiaatiotis of the numbers 
1, 2,...n. 


* It is obvious since eveiy element of (2) is known to be invariant. 
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As the scalar determinants in (18) have all the same value 1, we 
see that this can be expressed in the form (5) and therefore as the 
scalar determinant 

fpi 

hi 92 9m) * 

which corresponds to the vectors a^, bi, referred to the new orthogonal 
basis. 

9, In the original n-space, let us consider a pair of m-dimensional 
sub-spaces corresponding to A and B. Then the invariants 


ffl| Cg... 

> 

1 

1 (bibg-- 

and 


hi ®2"-* 


1 hi bg... 

...bjj 


measure the square of the contents of the -dimensional parallelotopes 
formed by the vectors and 6^ of A and B respectively. In 
particular, 

(« 1 « 2 « 3 ) 

(a^a^as) 

is the square of the volume of the parallelepiped bounded by the 
vectors Cg, as conterminous edges. If further, we form an 
entity 



then by (16) and (17) , it is an invariant for any transformation of the 
type (15). Such invariants are called angular invariants.* 

10, We shall now express the projection of a given vector on a 
given sub-space. 

Letbi be the given vector and Cf {i=l, be the vectors 

forming the sub-space. Then the projection of bj must be of the form 

Pn®i+pj 2®2 + + If the projection be orthogonal, we 

must have the vector 

— bi +|)i 2a2 + +Pifn%i* 

* Jordan, Bssai sur la geomotrie & n dimensions. Boll do la Son. Math, do 
France, III, ML 
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perpendicular to the sub-space, i.e., perpendicular to each of the 
vectors forming the sub-space. Consequently, 


and so on . 


Pir 


Vi2- 


{bja2a^...a„, 

{aih,a^...a^ 




If B be the angle between h j and its projection, then it can be shown 


where 


(&l)l 

1 1 

1 1 
^ sin®i9 = ■< 

1 / 

(bi) 1 


1 ( 



I ~ iblb)ii ~ + + + binhin 

= sq. of the length of &!• 

11. We next proceed to obtain some more properties of the scalar 
determinant 

faj az...aj 

which we shall represent by or simply by A. ^ 

h>? 2 >'"fr be a sequence of r distinct integers in natural order, 
like the sequence ij, defined in Art 5 and jr+j, fr+ 2 .<.d»n be 

the remaining m — r integers also arranged m natural order, then 


Q,^ , ..a t 

J 1 2 V ‘f + 1 , *1 

where J like I stands for the sum fi + fg •+•... +;^. 
In the above, the minor determinants 


A, 


)b^b 


and ( - 1) 


I-|- J (ctff 


r + l ' 


are said to be complsm^nfciky to one another. 


.. 6 , 


( 19 ) 
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Bonoting in particular, the complement of 




'I M ’4 ' 



j- by we have 
A, 

0, r^s. 


i 

U r 


*Ilie following identity can. now be easily established i 

' 2 ’ f + j ' 






fl 


n 


p. j 


/s- 

i 

fl 








i , 

/s*; 


y\ ?* , 


1 ’r + 1 *r + 2 *1 


hi .vh 


^ T-¥\ J T + j 


Using the aymbol 




to denote the determinant involving /i, we 


can rewrite the above in the form 




I + ^ ...rtf ] 

^'■'(-1) 1 ; ...6; 

ri 1 •'w 


r — 1 (fli a, 


'i, 

..(I, 


A J ^ 


fl 


where the suffix /a attached to the minor indicates its complement to 

li® taken. 

12. If in the scalar determinant Af , we replace «f ^ by 

c I ,e I i respectively, then the resulting determinant is expressed 
by the aymbol 

'at tti . Mi 

' ® ' lA. 
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Again, if 6,-^ be replaced by Cy Oj Cj we use the 


symbol 


^•'1 2 


A, 


to represent the determinant. 

I^et I I A represent A in which is replaced by Cj^; we 


have then 



A 


] + ] ' 4 / 4 ’' + + ] ■ Am' 

) ' (^2 ) hr 



Hence the determinant 









A 


A 


^A. 



A 


and 


^1 ^ 
/*2 


2 * 2 


•ntn 

if 

s 


i r i r if 

/A I /Xq fXfn 


each of r rows and m columns. 
2 





III flip 


«|...- i..n for tho product , wo h,„u for ,> typb „ 


1 i » ® 8 > t t . i 1 f* 

J I I ^ ■ ' * ’ * * * ■ 


,!». P * r 


* **»•’ vnomlnmUonuot i. 2,,.... .m taken 

*'• « Itiiio ill Iinluirtl t,f,|(,|._ 

^ ‘F 5i*iti,|* fjs), tile* fil«}f« itiii| i„. writton 

" ’ ;* '* I* ■* S'-'*' » r (y** ,«i j 

I'l 1 ..ei|»li|i'r''i-s r*|<i||litritl 

il«iio« ilii, |irt«ltii}t iii»| bo i*pr«gsefi in thes form 


r-l| 

A 1 


1 * 

1 



\ /*» *■-' 

r -1 /»^ 

A 

( j^*j 


\t; 

* I*' 'a'"*’'' 


... (21 


I’l l.«t Hi ficiw r»t«ii to Art.' 10 wttti consider projections mor€ 

fill 1 1 

|i«ti«litif ilip orttiii|rjail projttction of I), by c<, we havo 
«- • Pi I'h * f'«/s + + 

/a I \ 

j y 

In ilw ftbrsfii A.* •Imnli for ilit »’ilar deierminfint 

| tf | rtg .. 

|#i| ag..,,...fl*l 
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Since 6,- -c^ is perpendicular to each of the vectors ag, 
we have 

Cl 02 0^ 

Cl ^2 Cr 





1 (b, bn...... h .) 

) ‘ I 

' \1 ^2 r f 

lai cii tti ■ 

1 OiJ 


T -^m (22) 


Now by (12), 

{&! &2 


:§p, 


Cl c^. 


1*2 


where 


(a rt) ^ ^ j i 2 ^ 


I f 2 C ’ i 2 • ■ • 0- 4 


:&i ^>2- 

rtc • 


But by (21), 
hi 

Therefore 


Aa — (Afl) 


1 *2 


^2 ^5 


|A« . 


(Cl C2...Cy) 



When r = m, we have 

(6i bg-.-bw) a2...a,„) (aj a2...a.„,) 

Aa-] ( “ ) H ' (■ 

(Cj 02...0„,) (bi b2...b„.J (bj b2...b,„) 

Let us consider r- dimensional sub-space formed by the vectors bj, 
then the expression 



by (22). 

The numerator in the right-hand expression represents the centejit 
of the ‘projected’ sub-space of r dimensions in the w-dimensional sub- 
space, formed by the vectors «!, a 2 ,...am. The above measures the 
angle between sub-spaces, * 
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(24), we have 



;• •-} . vj- •■ “i vj"- •• •■} . 

»H I an interpretation, of the scalar determinant A®, 
i h W ii coneludo this paper by remarking that a scalar determinant 
* be expressed as a product of scalar determinants. 

^ “ t Aft denote the scalar determinant 


l«l ^'’2 (h 


•dxini; upon a minor 


«i <h «r 


di'iiutrd by a/, let ua replace each of the remaining vectors in. 

f 

A? by the vector 


r /«-i\ a,, / 

■ 5 aA A A, 

\/Y / 


... (25) 


This uparation does not change the value of A ® , which appears 

in lint I 1 PW form 

\a^ ug.-.a,. cAi-i rtT.+2-<-) 

V . ... ... (26) 

Kfiw it Itt easy to see that cA is orthogonal to each of 5 ; 5 . 
firf th»* w’liliu* determinant 

ja, n, cg.-.a,.) 

Ih h ’ 

iiliitlleiilly vanishes if h ^ r. 

Thui we have expressed At in the product form 

1 ry r • (27) 

(hj ) (br+i hy. )g,,.6^n ) 

Istorcho^nging a< and hi we notice, further, 


|fiA , j 2’ • + i 6A+2...hT 


I & y 4 j f) j, .4 2 * • .h,,, 1 (^^r + i 2 . . ) 

$, ffpatitioa of the formula (27) leads to what may be called the 
aiiioRMl ten of ft scalar determinant. 


of Mathematics, Calcutta University, 
flttll, Cftl. Math. Soc., Vol, XXVIII, No. 1 (198 
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On a Class of Integral Equations 

BY 

Maurice db Duffahbl. 


1. Introductory, 

In a paper which appeared in the Bulletin de Mathematiques 
Superieures ; supplement, Vol. XXXII, Session 1932-33, * I showed 
how the application of Laplace’s transformation to certain linear 
differential equations enables us to solve some homogeneous integral 
equations of the first and the second kinds, and I obtained by an ex- 
tension of this method, the solution of integral equations whose nucleus 
is of the form /(«t) or 

I propose now to show how this method furnishes the solution of 
an infinite number of homogeneous integral equations of the first and 
the second kinds where the nucleus satisfies a partial differential 

equation with respect to m and t, of a rather general form ; and I shall 
then make some remarks on these integral equations. 

let 

( 1 ) 


Let us now make, in the equation (1), the following change of 
variable 

2 /(«) = 

* References to this paper will be made in the present one under the symbol I, 
followed by the indication of the paragraph. 


I 


/( )v{ t )di, 


2. Exposition of the method, 

Z and S being functions of and h an arbitrary constant, 
us consider the linear differential equation of the first order 

Z%+{B + h)y = 0 . 

az 

Its solution is 
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Where a and 6 are two constants, conveniently chosen, and where 

18 a function of « and t, wbicli satisfies the partial differential 
equation of the first order 


z|I 


0 / 

dz 


+ +(S + d) / = 0. 


... ( 2 ) 


In this equation Z and 8 are functions of « already spoken of, and T 
and^ e are functions of i. It is evident that neither Z nor T can 
vanish. All our reasoning supposes that essential condition. 


We have 


(Iz 


i 


■vdt, 


and equation (1) becomes 




v{t)di 


r 


+Sj+hf 


0 . 


But using equation (2), this becomes 

•» 


f 


v{t)clt 


0 / 


& - »/+v 

Now we can write, by integrating by parts, 

f II Tvm-l /T»f- r/(T »' + T'„)rf(. 

® tJ a 

If then we choose the constants a and 6 such that 


( 3 ) 


= 0, 

a 

and the suitable value of v h given by the linear differential equation, 
Tti' + ucr-d + h) = 0, ... ... (4) 

where i is the independent variable. 

The solution is 
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16 


and w 0 find then the homogeneous integral equation of the first kind 


-J 

6 


» + li 

z 


= A 






In this equation a and h must be determined as we have explained 
above ; we can take two constants, independent of such that 


f(^,a) = f{^,b) = o. 

The value of A, which is also to be determined, will be easily obtained 
by giving to a known value, such as 0 or 1. Its value changes 
with the constant h. 

It may be understood that we are thus led to a very general class 
of integral equations. Depending upon a partial differential equation, 
the nuclei will always contain an arbitrary function ; but generally, 
they will be unsymmetrical. 

The two nuclei studied in the former paper and 
{I, § 3-6), are mere particular cases of those we are now speaking of. 


3. Case in whieh the integral equation is of the second hind. 

As was pointed out in § 2 of our other paper, the integral equation 
will be of the second kind when the equation (4) turns out to be pre- 
cisely the same as (1) ; this occurs if we have between the four func- 
tions Z, S, T, ^ ( in which we suppose a single variable, say u, has 
been written instead of ss and i), and h, the relation 

Q + h h + V~e 

Very often, for a given function this condition will be fulfilled 

only for a particular value of h. For instance, with the nucleus f{zt), 
it is fulfilled only for = | ; if we give to h any other value, we shall 
obtain an integral equation of the first kind. 

4. Examples and applications. 

A. Let us consider, as a nucleus, the function 


f being an arbitrary function. 
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It satisfies the partial differential equation 


= 0 , 

at 


which is of the form in question ; and in that case, as we have 


Z = «, T = t, S = 1, ^ = 0, 

the corresponding integral equation will be of the second kind. 

It is easily seen that the solution is 7c being a constant. 
So we have the integral equation of the second kind 



If, for i = 0 , we have ^ ( ~)=o, and if, for t ~ +30, 

t 

^ (4') ^ 0. can take 0 and + oo for the limits a and b. 
t 


This wiU he the case, for instance, if we take 


^(1) 


The value of A* will be obtained by making « = 1, and so 
^.oo 

Iji; 


i: 


/ 1 ^ jjt 

fii-J 'i — T 
t i + 1 


We are now able to solve the equation of the first kind 


F(.) 


^oc 


‘TbTt ® 


where F is known and $ unknown : for, let us expand F in a Laurent 
series for points « within an annulus whose centre is at the origin : 

F (^!) = «!*[ao + aia + a2a^ + + + ], 

we have for the unknown function $ (f), 

^ (i) = t* [AjOq +Xi; + | + Xi + 2®2^^ + ••• +X&-1 

the A’s being given by the above formula, 
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B. The function 


satisfying the same partial differential equation, the above results 
remain unchanged for integral equations with this function /j as 
nucleus. 

C. Again, the function 


/(*.«) = <i>(4) 


i' ' 

which satisfies the partial differential equatio?^ 

+ i^ + nf = 0 , 


leads to the integral equation of the first kind, 

*oo 




j. 




As above, we can deduce from this equation the solution of the integ- 
ral equation of the first kind, 


by the proeess of developing F («) in a Laurent's series of powers 
of IS. 

D. Another example of integral equations of the first kind obtain- 
ed by our method is the following : 

pOO 

Xi (fi (n + i) 

— oo 

the functions <f> being such as 

Lim 4* W ~ 

U= ±30 

5. Change of VariahU, 

A great number of new integral equations (generally of the first 
kind) can be deduced from known ones by change of variable. For, if 

3 
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we know the function v{i) which satisfies the integral equation 


v{i) dt, 

J 

we can at once write the solution of the integral equation 

Vii^) = y il) = \ fii, &) Vj_(t) dt, ■ 




where ^ is a function of a function of t : it appears clearly that 

dd 


vi{t) = v{0) 


dt 


It is by using the change of variable that it is possible to deduce an 
integral equation of the second kind from one of the first kind (see an 
example of this in I. § 7). 

It may be seen that the equation obtained above in example 0 can 
be deduced from the equations in examples A and B by writing 

= «, = t, 

and also the integral equation 


a‘ = AjC «*-i dt, 

which is a particular case of example C, with n=0, can be deduced 
from the following (I., §4) 


1 


dt, 


by changing i into 


Starting from this last formula, let us put, instead of t, a function 
g (i). We have 


[m g'{i) dt, 

and this gives us the solution of the integral equation of the first kind 
F («) = { <f> git)] ^(t) dt, 


1 



ON A CLASS OF INTEGEAL EQUATIONS 


19 


which, solution will be obtained by the process of developing F (;<!) in 
eries, as we did in, the preceding paragraph. 

For instance, let us take 


we have 


g {t) = log t ; 


= Kyi^logt) {\ogt)-i-^ 

which gives us the solution of integral equations of first kind with the 
nucleus <t> (sflog t) or, what is the same, ^ (t®)- This result can also 
be obtained by our direct method, the function 

f{z, i) = f{t^) 

satisfying the partial differential equation 

.|-Uog*|=0. 

A similar change of variables gives us the integral equation 

= [/iW/sW] 

and gives us a method of solving an integral equation of the first kind, 
with this nucleus, when the known function of « can be developed in a 
series of powers of / ^ («f) . 


6. Extension. 


It will be easily understood that our method can be extended to 
nuclei / («,t) satisfying a partial differential equation of the second 
9rder, of suitable form. The differential equations for y and v will in 
this case be of the second order ; and we shall then obtain a relation 
such as 


Cl2/l+C2l/2 





+ 0^21)2] dt , 


the i/’s and n’s being particular solutions of their respective differen- 
tial equations. This is an integral equation of the first kind and one 
has to determine the suitable values of the o's. This case is much 
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inore conaplioated than the ease of the first order, and naturally, so 
also would be those obtained by extension to the third, fourth,,.....wtli, 
orders. 


29, Ohichli Hesat. 

Stamboul, 
Turquie d'Europe. 
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Plane Strain in an Infinite Plate with an 
Elliptic Hole 


S. Ghosh. 

The object of the present paper is to give a solution of the problem 
of plane strain in an infinite plate with an elliptic hole, when the 
surface tractions on the elliptic boundary, are prescribed. The corres- 
ponding case of given surface displacements, has already been treated 
by Love, ^ without the use of the stress function x- I». the present 
case, it has been found advantageous to introduce the stress function 
X. whose form in elliptic co-ordinates, is well-known. 

The co-ordinates . 


0 cosh a cos y = c sinh a sin /5, 


so that 


= ~~ (cosh 2a — cos2j8). (2) 

The curves a = constant, are confocal ellipses and the curves « 
constant, are confocal hyperbolas. 

In a previous paper, ® it has been found that the stress components 
and the displacements are given by 

p = j^(cosh 2a - cos 2/3) -f- sinh 2a.%- sin 2/3|| 

^ j^(oosh 2a--oos 2j8)‘~-|--sinh2a ~^ + 8in2^^ ► (8) 

p = |- -■ (cosh 2a - cos 

Treatise on the Theory of Elasticity (1st. Bd.), VoL I, 340 - 44 . 

® “ On the solution of the equations of elastic eqailibrium snitable for elliptic 
boundaries.” — Trans. American Math. Soc., 32, No. 1, 4 ?- 60 . 
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and 


where 


2/uu _ 


1 

0P 

1 

1 

~h 

8a 


0i8 

I 

! 

2fiV 

+ 

1 

1 

0P 

h 


da ’ 

i 


P = 0, 


and 


0/1 91* \ \ = \ 

da\h^ 9i8 y di3\h^ 0a y X+/X \ aa2 a/3^y ' 


( 4 ) 


(5) 


The method of calculating (©P/da), (l/?*'^) (5P/ai8) has 

already been given in that paper. 

The stress function x satisfies the equation, 

V* X= 0, (®) 

whose solution in elliptic coordinates, has been found in the paper 
cited before. The terms in x> which give rise to many-valued dis- 
placements, have been been found to be 

a (cosh 2a ■+• cos 2/3), a cosh a COS j3, a sinh a siXL /3. 

It can also be verified that 

/3 cosh a cos /3, jS sinh a sin /3, 

are solutions of (6) and give rise to single-valued stresses. It will 
subsequently be shown that the corresponding displacements are 
many -valued. 

Manif-mlued displacements.^ 

If 

X — ® (cosh 2a -f- cos 2^), 

it has already been found in the paper previously referjced to, that 

^ (/3 sinh 2a — asin 2/8) , 

da X+/U, 

A ^ + a stall 2a). 

a/3 A + /U. 

1 Tbe many-valued displacements have been obtained iaa a slightly diffetenl 
manner by Timpe, Math. Zeit. 17,189. 
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SO that 


- - (cosh 2a + cos 2jS) + M ^ sin 2^ + a sinh 2a, ] 
h X + fi X + fi I 


2fxv ^ 

h 


If 


^MM/3 sinh 2a- ^ a sin 2^. 1 
X + fx ‘ X + fi ) 




= a COSll a COS /3, 

it has been shown in the same paper, that 


JL A! (B sinh a cos /3-a cosh a sin fi), 

fl^ Qa ^ 


1 ap 


dj3 


A' {(3 cosh a sin ^ + a sinh a cos (3), j 


and A' is found from the equation (6). which gives 

. , A + 2/x 
^ ‘ 

Hence 

- cosh a OOB 8+ — iS cosh a sin ^ -t sinh a cos 

h X + ix X + fi 


2ix'0 

h 


(3 sinh a cos j8— — ii-a cosh asin/3. 
A + /X A + /A 


If 


X = a sinh a sin /3, 

it has also been found in the same paper, that 

1 ap 


aa 

1 8P 


(a sinh a cos jS + jS cosh a sin ^), 
B' (a cosh a sin — /3 sinh a cos (3), 


h‘^ dl3 

where is found from (6) to be equal to 

A + 2^ 

X + fx * 
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Hence 


= -sink a sin sinh d cos /3 + J^a coah a sin jS, 

h A + /* A + /X 


cosh a sin /3 + 7 ^ a sink a cos 13. 
\ + fx A + /i 


If X — ^ oosk a cos 

it can easily be shown that 


1 8P 

0a 


A + 2m 


1_ ^ 

8i8 


A + /i 

A + 2^ 


(a sink a cos jS + /S cosh a sin ^), 


(a cosh a sin /3— jS sinh a cos ^). 


Hence 


a cosh a sin /3 + 7 -ii-^ sink a cos 

A + ju A + /X 


= -cosh a cos jS - a sink a cos iS - cosh a sin /3. 

h A + ju A + /X 


Finally, when 


s= jS sinh a sin jS, 


we can show that 


1 8P _ A + 2;u 


(/3 sinh a cos j8 — a cosh d sin /S), 


da X + fi 

^ ((Q cosh a sin jS + a sinh a cos jS). 

■ X + /X 

Hence 


a sinh a cos iS + — ^ jS cosh a sin j8, 

A + ju A + ju 


■sinh a sin (3 




- a cosh a sin fi+x-^ jS sinh a cos jS. 

A-f/ii A-H/i 


The displacements (8), (10), (12), (14) and (16) are obviously many- 
T?alued displacements, but by suitable combinations of (10) with (16) 
and (12) with (14), we can get single-valued displacements. 
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Comparing ( 10 ) with ( 16 ) and ( 12 j with ( 14 ), we find that if we 
take 

X = A (a cosh a COS /3 — /3 sinh a sin / 3 ) 

P- 

+ B (a sinh a sin jS + /3 cosh a cos / 3 ), (17) 

P- 

the displacements produced are obviously single-valued. 

It can easily be verified that the stresses calculated from (17) are 
single-valued. 

Stress Function. 

Thus the solution of (6), which gives rise to single-valued displace- 
ments only, is obtained by considering the value of x given in (17) 
with the value of x given in the paper already naentioned. Separating 
th© many-valued terms, we write the stress function in two parts 

X, x'* 

X' = A (a cosh a COS ^ sinh a sin $) 

P 

+ B (a sinh a sin (S + ^ cosh a cos /3) 

P 

+ C 13, 

and 

CO oo 

X = f/)o+ S (p„GOBn/S+ s ( 19 ) 

W w I 'Pt- - 1 

where 

= a 0 cosh 2a -f- h ^ sinh 2a + b'Qa, 

cosh fia-t-bj sinh 3a+6^^ sinh a, 

(p^^aQ + a^oosh 4a + sioh 4a + a '2 cosh2a-l-6'2®i°ii 2“’ 
and for 8, . . } 

(p^s=an-Q Gooh {n — 2 )a + b ,1^2 I 

-ha„ cosh (n-l-2)a + b„sinh (n-f-2)a + a'« cosh wa 

■Jt b'n sinh na, 


4 
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and 

,^j=Cjeosh 3a + diS)nh Sa + c^icosh. a, 

\}/2 = C(^ + C^ cosh 4a + d 2 sinh 4a+c'2 cosh 2a 

+ d '2 sinh 2a, 

and for w ^ 3, 

V'H = f‘«-2 (w — 2)a + d „_2 sinh (n~2)a 

+ c„ cosh (w + 2) a + d„'S'nh ('n + 2)a + c'„ cosh ■«<*- 

+ d’„ sinh na. 

The terms a' j cosh a and d'^sinh a have been omitted from 
respectively, for with these terms, we have 

X - a'l oc + d'i y, 

which gives only rigid-body displacements. 

We will now show that the terms in (18) correspond to result mi 
forces and couples applied over the boundaries. 

If (r, $) be the polar co-ordinates of the point (a, /I), then. 

f2. — ~ (cosh 2a 4- cos 2^) , 

A 

so that 

log T — ^ log ^ 2 (cosh 2a + cos , 

= log --t-a-l- S 6"^”“ cos2n/3. 

° 2 « = 1 'U. 

Also, since log r and B are conjugate harmonic functions, 

6 = B+ % e-2«a gij^2n/3. 

♦ 8-1 n 

For pressure radiating uniformly from the origin, 

X = log r 

log .^4-a-t- 'Z \"2""cos 2l?^. <' 
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i^'or a couple of momenb M at the origin, we have 
'M 




B 


M o , M ^ (-1) _2«a ■ o O 

= _ ^ + 5 '' i Q~2na gijj 2-?1 .jQ. 

ZJT )iK n = \ n 

For a force X at the origin along the aj-axis, we have, 


( 21 ) 


X 


yB 

/xcX 


aTV * ’“8 ' 




a cosha coSj8 - /3 sinh a smjS' 


2w (A + 2/x) / IX 

+ terms which are biharmonic. 

For a force Y at the origin along the y-&xis, we have 


( 22 ) 


X 


Y 

2;r 




IxcY 


X + 2^ 


2rr (A + 2 /a) 

+ terms which are biharmonio. 


a sinhtt sin/8 + cosh a cos ^ 

P- 


(23) 


Comparing (21), (22) and (23) with (18), we find that x' gi^^es rise 
to resultant forces and couples on each boundary and can therefore be 
omitted, when we consider the tractions on each boundary to be in 
equilibrium. 

The stress components aa, a/8 calculated from (3) with the stress 
function (19), are given by 


^2* r4 “ sinh 2tt + 3(j!»2) 

+ ( — ^icosh 2a + ^'isinh 2a + fi +6^3) cos ^ 

+ (~i/(jC08h 2a + ip'i8inh 2a-tpi-+&ips) sin /8 
£30 

+ s cosh 2a + ()!>'„ sinh 2a 

+ 1 (n + 2) (n + 3) (?)„ + 2 + i (w “ 2) (n - 3) (pn- 2 } cos 
+ { - n^n cosh 2a + ijj'n smh 2a 

+ ^ (n + 2) (it+3) + l («-3) ^n-a} sinw^]. (24) 
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cl-p = 2 'P'si + Vl cosh 2a-^., ainh 2« + (l.'i -2^':,) »»»/:« 

+ ( — iZ-'x cosh 2a + i/'i sinh 2a-i- ■!//'] + 2 t/'';. 5 ) cob/'-^ 

+ {^**'0 + 2 f/i '2 cosh 2 a — 2 f /»2 sinh 2 a — 5 ^' 4 ) sto 

+ ( - 2x(/'-q cosh 2 a + 2 t /'2 sinh 2 a -f - 1 \p'.^ ) cos 52 
00 

+ 5 [■( — ^ {n—3) n cosh 2 a— Sl&fa Sir* 

n = 3 

- ^ (n + 3) f'n ., 2 > s i » 

+ (4 (n— 3) cosh 2a4-tii/'n feinh S 2 «» 

+ 'J (n + 3) ’/''„ + 2 } cos /S'J (26} 


Surface Tractions. 

Suppose that an infinite plate is bounded internally 5 by tfec ellipse 
a = ax. Let the tractions across the boundary a = ai , b® gi'Ven hy 


aa — {^OT COS W^+ B,„ sin 7»/3) 

^ C 50 

= Co + 5 (C,^ cos sin wfl) 

, , in« I n. t ! 


where 


These tractions reduce to forces X, Y and couple L a t t|»e 


origin. 


_ I 0a; 0|/. 7,, 

-Jo 

= ;rc (Aj sinh ax -Dj cosh aj), 

= ?rc (B] cosh ax + Ci sinh aj), 


(L2 + 2 Cq sinh 2 aj), 
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since when tt = a), we have 

= e sinh aj cos fS, ■ ~ c cosh sin 0. 

If the tractions on the boundary a = aj are in equilibrium, we 
must have the relations, 


Aj sinh aj — Dj cosh aj = 0 

Bj cosh ai+Ci sinh uj = 0 

By + 2 Co sinh 2a | = 0 

Since the plate extends to infinity and the stress there is zero,' we 
take 



oc oo 

X = <f> 0 + <l>n COS n0 + 25 sin n0 

H « 1 /I = 1 

where 

(p g ~b f,C' ^ -h C 0<lf 

=diC“^“ + 6'j sinh a, 

^2 = ^0 + l!>3C“''® + h'g 

and for n ^ B, 

<l>n = hn-2 + + |,A„ ^ 

and 

l/zj = d J “■ + d' 1 cosh a, 

and for n ^ S, 


(28) 


(29) 


( 80 ) 


To simplify the problem, we consider the terms in the surface 
tractions (26) separately. 


(i) aa = Ao, a0 = O, when a = a,.. • 

In this case, we omit the and the odd <}>’& from the expression 
for x« Then we have from (24) and (25), when a“aj, 

(p^Q^inh^a + 3^2 = j-Ao(l + 2 coah^ 2a), 

4 

-4^2 cosh 2a + ^'2 2tt + 10f4 s= -C^ AoCOSh 2a. 

— 16^4 cosh 2a + ^^4 sinh 2a + 21^o'l'?^2 “* 
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and for n ^ 3, 

— cosh 2 a + f2n sioil 2a + ^(2n + 2) (2n + 3) 

+ |(2w— 2) (2w — 3) <P‘2h~)2 = 0, 

and 

^>'o 2a — 2^2 sinh 2a-|</>'^ = 0, 

and for n ^ 2, 

— |(2n— 3)^'2M-2 + 2n^'2« cosh 2a— 2n tp^n sinh 2a 

-|(2w + 3) ^'2«+2 = 0. 

These equations are all satisfied by 

^'o = ^Aosinh 2a, = 0, 

and for n ^ 2. 92^=0, <^'2^=0, 

a being replaced by a| in these expressions. 

Hence 

q2 

— 26 oC“®“ + Cq = sinh 2a, 

5o + b2e-t“ + 6'26-2“= ^Af), 

4 

-4b2e“-^“-2fe'2e“®“ = 0, 

and for w ^ 2, 

+ b,„6-(2n + 2)« + ^ 

(^“D b2«-2 e-<2«~2)a ^ Q~(-in,. 2 )a + ^ ^ 

From the last two equations, we get 

ban = ^2w-2 ^*“1 b'aw —'~^b 2 n -2 
so that ba« = 62 Ji'gn = -262 

where we replace a by a^. 

Now a.n->oo. therefore 

!>,=0 and heaoe b2,=0, 6', „ =0 for n ^ 2. Substituting 6„=0 in 
the first three equations, we get 

b>2== 0, 5 q= -^Aq, Co= ^Aq cosh 2ai. 
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(ii) aa = A2COs2/3, aj8 — 0, wheila=aj. 

Here also we omit the -ip's and the odd ^’s. 

We have wben a = a j , 

rp'o sinh 2a. +S<p 2 = - J5-A2 cosh 2a, 

Ji 

(•2 

~4(p2 cosh. 2a + ^'2 si oh 2 a 4- 1 Of/; 4 = — A2 (^+2 cosh- 2 a), 

* (.2 
--16(/>4 cosh 2a + 0% sinh 2a + 21 (jfte 4 «/)2 = - — AgCosh 2a, 

A 

c.a 

— Sd^Q cosh 2a4-</;'e sinh 2a 4- 36</)g + 604 = -^A^, 

O 

and for n ^ 4, 

— 4n ^<p .j „ cosh 2a 4- (j >'.2 „ sinh 2a 4 5(2n 4- 2) {2n 4- 3) f2 « + 2 

+ |(2n“2) (2n-3) <l>. 2 n -2 = ^> 

and 

4- 2^' 2 2a — 202 sinh 2a — £ f//4 = 0, 
and for n ^ 2, 

— i ( 2 n — B) <l)' 2 n ~2 0^2 n 2a-2'n0»2» sinh 2a 

— ^ (2n + 3) 0^2 ?j 1 2 “ 

These equations are all satisfied by 

<p'o=0, 

„2 e® 

025 m — cosh 2a, 0^2 ~ ^inb 2a, 

c'^ 

1^4 — 43 -^2' f*— 

and for n ^ B, 02« = f^i 

a being replaced by a,. 

Proceeding as in case (i), we get 

b.2n = 

a being replaced by aj. 

Now as — >”0, t' 2 » — >-0, asw — ^-oc, therefore 

64S53 0 and hence .6grt=0, — 0 for n^3. 
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Then from the other equations, we easily find 

'*0= ’I' •''^2* 

{Hi) aa = A 4 COS 4/3, a/3 = 0, wheo « = « I . 

We omit as before the t/^'s and the odd f/Zs. 

Proceeding exactly as in cases (0 and (ii) , we hav4 wh4*ii ««« j, 


c* 

^/q=0, (/)2= 24^'*'’ 

9>'g = 0, 

<i ^4 = A 4 cosh 2 a, 

f.2 

</>'4= -r- A4Binh 2«, 
80 


= 0, 

and for w ^ 4, f/> 2 «=®fb 


We can then show as before 


^2n= ‘ 



a being replaced by a^. 

Now as h^n — >-0, h'^ 2 „ when it wc 

must have bg=0 and therefore fe 2 «« 0 , for ^ 4. 

Substituting bg^O in the other equations, we get 

bo==0, Cq = 0, bgss —^1 A4 e'*'*, h'^faa A4 

!><*= A,(8e»*-,'«»*), h'„m 

a being replaced by uj. 

(h;) aa = Ag,,, cos 2w/3, 5 = 0, when « « a , . 

We omit as before the.-^’s and the odd 


bo=‘-^ Age* 


i<2- 2jA, » , 


hu= - - Ao 
^ 48 ® 


being replaced by aj. 
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Proceeding exactly as in the previous cases, we have when a = aj^, 


fo—O, (h 2 m -2 — 


4 ( 2 m - 1 ) ( 2 m~ 2 ) 


<h 2 m i- 2 


2 ( 0 ?!) 


1 2 


Sinh 2 a 

2 ( 4 fli^ — 1 ) 


c^A 


2 iiii 




4 ( 2 m + 1 ) ( 2 w + 2 ) ’ 
and for n ^ m +2 and 2 ^ w < m — 2 , 

f/> 2 „ = 0 , f/.' 2 n = 0 . 

We can show as before 

—if), , ..((n-4w(-4)<it /)/. == _2?), , „ e(4w-4w(~(l)« 

Now as — >■ 0 , — ^0 when n — > oo, we 

must have l) 2 «M 2 = *b so that = 0 , forn^ 7 a + 2 . 

Substituting b 2 ,„,( 2 = b in the equations with f whose sufiixes lie 
between 2 w — 4 and 2 )/i + 4 , we have, 


^ 2 wt- t 


bi 

b^ 2 m~ 


f' 2 m -2 


2 ;W _ Q^ma 


8 i 2 in ~ :i) 




2 )« 


4(2m-l) (2w-2) 


,( 2 v«~ 2 )« 


c^A 


2 m »' 2 ma. 


8 ( 2 m + l) 


h> 


2 m ■ 


c 2 A 

2 w 

8 ( 4 m^”I) 


[(2'>n - 1) “ — (2w + 1) c“^ "] 6*'^'"'“, 


h’ 




2)«+2 


2 /« 


- 1 - 1 ) ( 2 ia+ 2 ) 


( 2 w» ^ 2 )« 


a being replaced by a^. 


Again, substituting /f 2 m -4 = b in the equations with <p whose 
suffixes are ^ 2 m — 4 , and solving, we get 

bo = 0, Cq = 0 and b 2 n = ^\ b'Qn=(^ for n^w-2. 

(v) aa = AiCOB/ 3 , a/j = D j sin /?, whenassaj. 

Here we omit the if/'s and the even (p’s. 

Since the tractions on a — aj, form a system in equilibrium, we have 
A 1 sinh a I — D i cosh «. j — 0 , 


5 
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SO that we can write Aj == fcjoosh , Dj = hisinh <*-1 - 
Hence we have, when a=aj, 

— ^jcosh 2 a + <p’i sinh 2a + 0] +6<;!>3 

^>2 

= — /fjCOSh a (1 + 2 COsh® 2 a -2 cosh 2 a), 

—903 cosh 2 a + 0'3 sinh 2 a + 1505 = ~ /ijjcosh c*. ( — <wlh 2 « » | 

—2505 cosh 2a +0'g sinh 2a + 280 7 +803 = A'jLO*3»b 

8 

and for n ^ 3 , 

— (2n + 1)^02 cosh 2 a + 0'.2„ + j sinh 2 a + | { 2 n -f~ C2« + 4|#|a . 

+ 5 ( 2 w — 1 ) ( 2 t'i * C 

and 

cosh 2a— 0j sinh2a + 0'i -20'3 

c 

= — fej sinh a(l + 2 cosh^ 2a + 2 cosh 2a), 

30^3 cosh 2a -803 sinh 2a-30'5 = Jcjsinh a ( — 2 ec»«li 2n - || 

-0'3+5 0'3CO8h2a-5038inh 2a -40/,= sinH 

o 

and for n ^Q, 

{2nT-2)0/2,«-i + (2n + l)0^2„+, eo8h2a-(2«+ | iinlif* 

“i(2w- + 4) ’ tl. 

These equations are all salisfied by 

2 

0'icosh a - 0 1 sinh a = ^ fej sinh 4a, 


03 ^fejcosha, 0'3=s -^fejsinh I3t, 

a:nd^for'n^2, ■' a being every wbt.» r*pta« 

Proceeding as in the previous cases, we have 
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Now as 6'2« f ‘ 

n — ^pc, we must) have 63 = 0, so that 


' 2 « )■ 1 


= 0, b'.2n+i=0 torn ^ 2 . 


The other equations then give 

b', 


h = 

^ 16 ’ 


16 


b'.^= (c*'‘-2c^“). 

48 

where we replace a by . 

(vi) aa = A‘^ COs 3 / 3 , afS — O, wheila=ai. 

We omit the ^’s and the even (/>’s. 

Proceeding exactly as in case (u), we have, when a^a, , 


cosh o.'-fi sinh 


A3 sinh a, 


<P3 




16 


•; A3 cosh 2a, (j)'Q 


16 


: Assinh 2a, 


80 




and for u ^ 3 , 02» + i™^^» 0'2n+i=“*^* 


As before, we find 


16 


As©^®, b'l 


ie 


Aac®, 




3c2 


AgC^*, 


^>5 ^'5 jeo 

and for » ^ 6, {>2«+i~^» b'2« + i“^» 

a being replaced by aj. 

(ail) ^=: Agwfcf 1 cos (2#n + 1) j8, a^=»0, wiien a=*ai, 
We omit the xp’s and the even 


when 
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We have 

()!<'ieoslia-~^}j8inh a = 0, 


*'/’2wj+ 1 


c^Ac 


' 2)ft+ 1 I / _ A 


2«»+ 1 


Sm{2ni — 1) 

- cosh 2a, 

4m (2?)/ +2) 

“ 2a, 

4m(2m + 2) 
c^A 


^ 4{2m + 2)^ (2m + 3) ’ ^ ~ 

and f/i2n + i==0, </>^2n+i“6 for ^^i^m + 2 and }h—2, 

a being replaced by aj. 

Solving these equations, we have 

c^A, 


'2W1-1 ' 


^2w+ 1 g<2n!+l)a 

16m ’ 


Ao +1 e(2m-i)<x 

^ ‘ ^ 16w(2w~l) 2m-M e 


b^m+l = — — . «(2w/.+ l)<x 


6' 


16 (w + l) 

(^2 A 


1 6m”» + 1) [’"^^‘-(” + l)g-^»] era™*!)", 

i.,«3=0. 6W. = -gj5|^|)^A,„, , ««»-■»«, 

and ft2n + i =0, f)'3„ + i==0, for n ^ m + 2 and n^m-2, 
a being replaced by a^. 

{viii) aa=0, aj8=D2 sin 2/3, when a=aj,. 

We omit the i/^*8 and the odd ^'s. 

We have, when a=ai, 


<P’o = - 


- 12 

Dg sinh 2a, 

9^-0, 

<^'4=-^D2, 

^2n ®=0, 

f'2n=(^ for : 


,.2 


and 
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Solving these equations, as before, we find 


c,=0, 


24 






L=0. !''4 = |j D, c't*, 

and for n ^'d, &2« = 0 , b'211, = 0 , a being replaced by aj. 

{ix) aa= 0 , a/?=D2„, sin 2 m;d, whena=tti. 

We omit the yp’s and the odd (p's. 

We have then, for a=ai, 

^f/o = 0, t/>2«_2 = 0, <//2m-5r = 

c'^D. 


4(2m — 1) 


^•2>h~ 


4m (drn® — 1) 


sinh 2a, 


cosh 2a, <^ 2 »»h 2 = 0, f2m+2^ 

and (p 2 )i= 0 , 1 *' 2 n = 0 for n^a(,-l-2 and 2^a- 
Solving these equations as before, we find 

C^D2,rt aZmo. 


c^p 

4(2/ri 

m — 2. 


bo=0, Oo = (), h 


2'm-2- 


8(2m-l) 


b'2m~2 


. . p(.2ni-2)a. /, 

8(2m-l) ’ 


8^2 m + 1) 


.2 m /■,2 m a 


h’. 


c^D 


2W 


2ni. 


8m(4m2 — 1) 


[(2m~l) (m + l) 


6. 


2w+2 ■ 


■( 2 to + 1 ) 

c^D 


=0, 5' 


Sm-f 2 ' 


gyi* «(2«+2)< 


8(2m + l) 


and &2n=0, forn^w +2 and n 

a being replaced by aj . 

(.r) aa = (), «-/3 = D 38 in 8/3, when a=s: a^. 

We omit the xfj’s and the even ^'a. 


m — 2, 


«i + 
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We have then, as before, 
(ji'i eosh a—fi sinh a- 


D 3 cosh ft , 


3c2 


03= ^ D3 sinh 2 a, = __ Dgcosh 2 ft, 

4o Id 


£2 

16 


D3, 


05 0, 0^5' 

and for n 02„^j^=O, 0^2„^i=O, a being replaced by ft i . 

These equations give 

T 0 

0 1 — 

^ 16 

b« = 


rBa 

) 


L Ds 

32 ® 

b/3=:-gD3(5c2“-2£!-2»)6»“, 

yt) 

6/. = £^1) 
“ 32 

3 ^5“, 

^2« + l = 

^^ 2 n+i= 0 > ft being replaced by 


(ai) aa=0, a^=D2„,n eitt (2m + l)^, when 
We omit the and the even 0’s. 

W e have then for a = a ^ , 

0']_ cosh a— 0j sinh a = 0, 

02 m-i-O, 0^2w-i= 


8w 


c^D 


" 4; Mam-riT(2m+2) - 2“’ 

_ (2m + llc2Ds>„, , ' „ 

■ ~T m(2m + 2) '' ■^°°^h2a, 


02/«+3 8, 0^aw+3~ 


c^D 


2m+ 1 


and 02«+i = 0 , 0^2n + i = 0 for ?t ^ m + 2 and 1 ^ w ^ m- 2 . 
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These equations give 


^(2m+l)<i hr 

Um ■ 


I ^C 2 M+l)a ^ 


l p( 2 m-l)a 

16 ‘?n ’ 


16 (w + 1 ) 


-(2/)j-l) (2tn +2) , 


f>2mi-3 — 9, h' 2 /n 


16 (m + l) 


and 62„ ,.1 = 0, b'g,, , ^ = 0 for n ^ w + 2 and 0 ^ n - 2 , 

a being replaced by uj. 

(xii) an = 3-2 sin 2 / 3 , a/B—CQ, whena = aj. 

Here we omit the </>’« and the odd ■tp’s. 

Sinc^ the tractions on a=ai, form a system in equilibrium, we have 

+ 2 C 0 ainh 2a j =0. 

We have then, for a = a^, 

Bg cosh 2a, \(/f2= sinh 2a, 


^' 4 = 0 , 

and for n ^ 8, i/'2«=^> 

Solving these equations as before, we find 

‘> 0 = - ‘f 


and for w ^ 3 , d’'.2«==0, 

a being replaced by a^. 

(xitt) aa = sin 4^, ajS = 0, when a = aj. 
We onait the fs and the oild f's. 
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We have then, for 


f 

24 V''^2~0> 


^4- B, cosh 2 a. ^ B, sinh 2a. 


] 2 rr 


and for n ^4, = 0 ^ 

Solving these equations as before, we find 
do = 0 , ((‘>= ,lf.. 


§4 d '2 - 




t/« = 0, d',.= - . (.6“ 


and for 4 , d,,^0 d'. -0 

a being replaced by a j . 

(«») «» = B.,„ sin ym/3. ;;^=o, when .. = „,, 

We omit the ^'s and the odd ^'s. 

We have then, for ft = aj , 


■ ,, 

4 {2in. - 1) (2m ~ 2) ' ^ 2 - 0 , 


— cosh 2a iljf ~ . , _ 

2 (4m 2 - 1) V 2« 2 I) ^ 


4 (2m + i) (2m + 2)’ ^^'2^+2 = 0. 

and = 0 . =, 0 , for ji^m + 2 and n^m-2. 

Solving these equations, we find 

= ~ Bqot ^ 2 wffl. .jt _ m c^- Bo,,. , 

Q 1\ ’ 2wi— 2 — - ' -M I r>(2d(- 


8 (2m -1) 


} /.2 IJ 

do,,, ~ p2ma 

8(2m + l) 


4 (2m -1) (2m. -2) 


B^,,, r /rA 

^■■(ITTFZiy I i^ni-l) ~{2m + l) e“2“] 


<^27« + 2 •“ 0, ^'2m+2 = ~ 

4 (2 m 4 - 1) (2m 4 - 2) ’ 
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and d^„ i= 0 , =0 for w ^ w - 1-2 and n ^ mf 2 , 

a being replaced by &i. 

(zv) aa = sin /Q, a /3 = CjCOS /d, whenassAj. 

We omit the ^'s and the even '^’s. 

Since the tractions on a=ai, form a system in equilibrium, we have 
Bj cosh -fOi sinh ttj= 0 , 
so that Bj = — feasinhai, = /tacoshaj. 

We have then, for a'=ai, 

cosh a — sinh ci = — fta sinh 4 a, 
o 


^3 = - sinh a. ^' 3 =~ 

and for n ^ 2 , = 0 , 

Solving these equations, we get 


^2 cosh a, 

= 0 . 


d 


1 - 


16 


d'. 




16 


(e'^“-2e“'2“)^ 


^3 —0, d!'3»=: — — 6^“ (e“-i-2e"““), 

and fqr la- ^ 2 , + i = 0 , d^ 2 « + i = bciiig replaced by a^. 

(xvi) aq. = B 3 sin 8 ^ 5 , q/S = 0 , when a = a^. 

We omit the 0 ’s and the even xfj’s. 

We have then, for a=aj , 

/»2 

fi sinha-i/'i dosh a = - Bg cosh a, 

o 


^3 jg Bg cosh 2 a, = -. _ Bg sinh 2 a, 

V's -= Bst = 0, 

and for n ^ 8 , = 0 , = 0 . 

Solving these equations, we get 

dj = — ■£f Bg ™ 3 ga 

i 16 ^ ^ -03 e » 

^5=0, a'5= - B 3 e5“, 

and for t»^ 3 , daw^-j =* 0 , d^ 2 «+i=® 0 , a being replaced by a j. 
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{xvii) aa= B 2 m+ j sin (2w + 1)/8, = 0, when a= a , 

We omit the f"s and the even ^’s. 

We have then, for a=ai, 

sinh a—tj/i cosh a = 0 



^ ^2m+ 1 

Bm (2w — J) ’ 


— 0, 


^2 


c2 B 


93J+ 1 ' 


8w (w + l) 
c2 B 


cosh 2a, 


2«»+l 


^2 


^ sinh 2a. 

8w + 


® 4 (2m + 2) (2w + 3) ’ ® 

and V' 2 »+j =0» ^' 2 n + i =0 forw^w + 2 and 1 

Solving these equations, we have 
. 6® B 


= 0, 




2m + 1 g{S»n+l>a 

16 m ’ 


^'2m-l - 

d2»n+ 1 ”■ 

^'2m+ 1 


(2W + 1 ) g(2m-l)a 

16 m (2m- — 1) ’ 

B 2 m.fl ^ (2TO+a)a 

16 (w + l) 


IGw (m + 1) 


fm C®* — (w + l) e“®“] gCSm+Da^ 


‘^ 2 «+t= 0 , d' 2 «<-x =0 for w ^'m + 2 and w<w-2 


and 

a being replaced by oj. 


(awti) aassO, apssCaCOS 2/3, when a = ai. 

We omit the ^’s and the odd ^’s. 

We have then, for a = a i , 

02 02 
f 2 = si, - cosh 2-a, 

^4, - 0. ^4, = 1^02, 

and for w ^ 3, ^ 2 « ^ 
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Solving these equations, we find 

^4 = 0, d'4 = -^ica 6*“. 

and for w ^ 3, dan = 0, d'^n — 0, a being replaced by a^. 
(xix) aa=0, a/3 = 0^ COS 4/3, when a=ai. 

We omit the f’s and the odd 
We have then, for a=ai, 

■|/'2 = 0 , -ijj'z = ^ 

/.2 O/.it 

V'4= " C4 sinh 2a, 1^'4 = - — O4 cosh 2a, 

’^6 = 0, 

and-for w ^ 4, i/» 2 « = 0, xIj'^„ = 0. 

Solving these equations, we find 

i„ = 0, 

<*6 = 0 , <*'6 = - ^ C2 e «“, 

and for w ^ 4, da„ = 0, d'^n =0, a being replaced by a^. 

(iccc) aa=0, a^ssOam 00s 2m/8, wh@n a»a|. 

We omit the ^’s and the odd 
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We have tHen, for 


i'z 

f 2 m * 

’/'2 W - I - 2 


a=aj , 


m -2 "" ^'2» a “2 

C 


^ f .. 

Ti 2 »i - 1) 


. !'* , . ■ iirih 2 »i 

4 m ( 4 -wi^~l) 


m f* 


'I ^ 2 m t'oali 2 i»p 




C 


0 m 


4 (Urn .f If 

and ^ 2 n = 0, =s 0 for h ^ w 4- 2 and « ^ m ~2. 

Solving these equations, wa find 


^ 0 — 0 , cl 


2! H-a 


,.a (• 


8 ( 2 m “• 1 ) 




^»2 p 

d'o,,, o = -.——Mm.. «<2 »m-2ib 

^ 8{2m-l) ' 


‘'2 m 


t ;2 c 


8 (2m + 1) 




d ' a ^ z = [(2 t « - 1) {« j „ - I - 1 ) eS * 

““(2fri + l| i-i»| fi*« 

^am+2 ~ 0, d'2mnB * ~ ~f g<S»*m» 

8 (2m + 1) * 

and ^ d 2 „ « 0, d' 2 n * 0 for » ^ nj ; 2 and I < » ^ »i +1, 

a being replaced by aj. 

(xiCl) aa = 0 , » 0 | OOS 8 / 8 , whiS a » a I , 

We onait the fa and the even 
We have then, for a «aj, 

cosh a~f 1 sinh a « - Gg giajj 

.> ■ ig^BSiah 2 a , o - coull ^^ 

*^5 — 0» .5,1^5 tas^^Cg^ 

and for n > 3, ®* 0, a# 0. . 
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Solving these equations, we find 




16 




and for « ^ 3, d^n + i = 0, d^f^n+i = 0, a being replaced by a^. 
(xxii) aa=0, ci/S = C 2 ,n+l COS (2m + l)/3, when a = ai. 

We omit the f’s and the even 9p’s. 

We have then, when a = aj, 
t/'i cosh sinh a = 0, 


C^C 2 m+l 


8 w 


y 2 >n + 1 • 


C 2 C 


4m (2m + 1) {2m + 2) 


2«i+ 1 9., 


f 2».tl = - 00Sll2a. 

4m{2m + 2) 


^ 2»»+3 V'^ 2 ff»+ 3 ' 


C 2 C 


2m-H 


8(m + l) 

and ’/' 2 n+i= 0 > ’/'' 2 «+i = 0 for n ^ m+2 and 1 ^ w ^ w--2. 
Solving these equations, we find 


<^ 2 »n-l = 
^'2m-r 
^2m+l- 


rt 2 n , ( 2 »l+l)a 

16m 

^^^2>»+l g(2m-l)ix 

16m ’ 


2«i+ 1 g(2m+Dtt 


16(m + l) 

;e_ 

16m(2m + l)(2m + 2) 

X [2m(2m + 8)e®* — (2m'— l)(2m + 2)6”^“] 


^ 2 »t+ 3 “^> *^^ 2 »i+ 3 ' 


c^O 


2 wfl -( 2 »»+ 8 )« 

. I ® » 


16(m + l) 


Q, aaosH 


<16 


and d' 2 « n“0» ^ w + 2 andn^ ^m— 2, a being re- 

pUoed by aj, 

Oombining the olementaty solutions, (t)~(®a 3 u'), we get the stress 
function for any distribution of tractions on the boundary a=ai, 
subject to the condition that the surface tractions form a system of forces 
in equilibrium, Thus, with the surface tractions (26) on a = ai, the 
stress function x Is given by (28), (29) and (80), whore 

= [2A„-(A,-D2)c.»*] , 

and for n ^ 1,. 

Ofl » cosh 2 a-A 3 ]; 

Vi = ^~[fci(2o‘’*“+«*')-(8Aa-Da)«*], 

i,'a=-i“Aa + ^“[(A2-aDj)<,'>- + (2A,-DJo““]. 
and lor » ^3, 

!»'»= - g-|^) [{(»v-2)A„.a-»D„.,}»'‘« 

+ {wA„^(M-2)D„}(j<”"a>«] 

+ {(n + 2) A ,, i. a - wB „ 3 }6 ; 

<Jo=-|^[20c,-(Bs + Os)o8*], 
and for ^ 1, 

8(w+l) ' [(Bn + Cl>'“-(B„+2 + 0„+3)o<-‘i»“]i 

^''“TT ['*2(«‘''-2«-»“) + (8Ba + Oa)o“], 

[Ba + 20ooO‘] 

, +-^ [(Bs + 202)e'" + (2B,, + g<)o»']. 
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and for ^ 8, 

+ -t-(n-2)0„}fl<”“2)®] 

[frB„ + (« + 2)0„}.<”*2>- 

+ {(n + 2)B,n.ii + nO„+2}e"“], 

a being replaced by a^, 
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Lines of Striction on the Qdadrio and on 

SOME OTHER SOROLLS. 

BY 

0. N. SRINlVASIBNaAll. 

1. The line of sbriotion of one Bystem of general ore of q general 
quadric is a rational quartio curve of type (1,3), This result, which 
is well-known, was first proved by a purely geomeirwal method by 
Mr. K. K, Mitra, • In this section will bo given a somewhat 
shortened proof by using the theory of correspondence, In §2 will be 
discussed by purely geometrical raothods, several oases wherein the 
line of striction dogonoratos. In §8 a new geometrical proof is given 
which is applicable to many scrolls. A few special scrolls are 
considered in §4. 

We start with the same goometrica! principles as Mitra uses. Let 
P be the point at infinity on a given \-generator Q of the quadric Q, 
and let B be the point at infinity on the common perpendicular to ‘G 
and its oonsecutivG gonerator. We observe that B is the reciprocal 
of the tangent at P to the conic q at infinity with respect to O, the 
circle at infinity. In other words, P and B are corresponding points on 
the oonic q and ils reciprocal q> loiih respect to Cl. This idea is the 
same as that underlying Mr. Mltra’s method, but the present method 
of expression is more convenient here. 

Now if PB meets the quadrio again in T, the /x-generator through 
T meets the generator G at the central point of the latter.® To shbw 
that the line of sfcriotion is a quartio curve, it must be shown that any 
/x-generator contains three central points of the A-system. This is 
equivalent to finding the number of points B on q' such that the line 

1 Bull. Oal. hi util. Soo., XXIY, 187-m, More recently, Mr. B Rumamurti 
who preBOuletl his paper to the ninth oonferenoe of the Indian Matliomatical Soolely 

»jn 1085 has proved the result by tho method of apolarity, 

2 Vide Mitra, foo, ci’t, 
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joining K to its Qomsponding point I’ on q passes through a given 
point T on (jf. If wore a general point anywhere, this number would 
mean tbe class of the curve formed as the envelope of the lines 
joining oorresponding points of the conic q and its reciprocal q'. By a 
well-known theorem ^ in the -theory of covrsapondonoe, this class is 
equal to the sum of the orders of the two curves minus the number of 
united points, if any, Plenco, in the general case, the olasa is 4. But 
when T itca on 'g, one of the four positions for the' point P is T itself. 
If Pj, Pg, Pa other points, ' thou - the central points of the 

^.-generators through Pg, P^ lie on the /x>genorator through T. 

Tbe proof of the theorem is now comploto, 

2. /Special cosca : 

'l . ‘/(aj \ i^mdric of Bo^vohtwn : The ncGcssory and sudicieut coiuli- 
tiop that the quadrio is one of revoluliou is that the conic q has double 
contact with fl. Lot LM bo the chord of contact and N its pile. 
The following lemma can bo established by a straight -foi word proof, 
nnd will be obvious by projection: 

i'.' ‘ If a donio 8 has double ooniact loith another conic K, the lines 
•joining oorroapondin'g points of 8 and ita rcotprucal wiih‘ respect to K 
are concurrent at the pole of the common choi'd, 

Plep^CQ, continuing the notation of § 1, taking any point T on y, 
let P and B bo corresponding points on tho conic q and q',- Then the 
central point C on tho A^geuerntor through, P is at its intersiction 
with the /a-generator through T- Since tho line PTB passes through 
N by the lemma, and CPT is tho tangent plane at .C, it follows th»>t 
QB is a tangent to the quadric at C. PTence C lies on the polui 
, plane, of N, The locus of 0 is therefore the section of tho quadric 
by the polar plane of N. Now tho polar plane of N evidently passes 
through L and M, since NL and NRi are tangents to the quadric. 
; Efenoe the section is a circle, via., the centrol circular section. 

The line of atriction of eiih&r system of generators of a quadric o, 
resolution is a oircle, via., the central circular aeciion.- 

{h) The general paraboloid’. Mitra's discussion is incom- 

plete, The oopic fjf now consists of two generators and g^ , say 
■which meet at X, Lob Bj and Bg be tho poles of g^. and g^ witl 

1 H. F, Baker, PriiiciplcB of Geometiy, YI',' 10, 
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respocb to CL, Then the polar piano of E 2 will contain the central 
points of all the A-generators, and the polar plane of Ri will contain 
the central points of all the /^-generators. It is easy to 'verify that 
the polar plane of any point at infinity, t.e., the rliametral plane of any 
line, passes through the point X (X being the “centre” of the para- 
boloid, this simply means that the diametral plane passes through 
the centre). Now the section of the paraboloid by any plane through 
X not oontainiug or is a parabola. 

Hcnca tho lino of striolion 0/ Giihci' aijHtem of goncmtoraof a 
goneral paraholoid is a parabola. 


(0) There is a special case of (h) to be noted. Tn the general case, 
Ej and Eg will not He on the quadric. Bub now suppose that Eg lies 
on g^ , a»d R.| lies on g^^ . One of thoso conditions cvidoatly implies 

the other, Since R| and Ro are conjugate points with respect to fl, 
this means that tho generators g^ and g^^ are now perpendicular, or 
what is tho same thing, any plane through g^^ and any piano through 


g are perpendicular, 

■ ( * ■ 

Since R| is conjugate to every point on g , the /.t- generator 
through Ri is porpendiouiar to all the A-generntors. Similarly, the 
A-gonerator through R^ is perpendicular to all tho /Jt-generators. 


When the acciion of a paraboloid by the plane at infinity oonaiats 
of two porpendioular Unea, the lino of atriGiion of oHhor aystein of 
generatora ia a parliotilor genoraior of the oppoailit ayaiein, In parli' 
oular, the gvnoratova conatituting. the linea of a trio lion of tho two 
ay stems are at right angles. 


Conversely, wo shall prove that if the line of airiotion of one aystem 
of generatora of a quadrw be a genorator, not aliogctdicv at infmiUj, 
belonging to the other ayatem^ the qua dr io i a a paraboloid whoao aobtioy, 
at infinity conaiaU'Of pGrpendioular lines . 

Let any A-generator G meet bbo plane at infinity in J?, and let 
the lino ,ot ^ striction , of the A-gonoratora bo a /a-gen orator meeting the 
plane at infinity in T, Lot the common perpendicular between G 
and ib'^ oonseoutive gonorator moot tho piano at infinity in E. Then 
wo Have soon that PIl passes through T and ihat P and R are corres- 
ponding points oii a conic and its reciprocal with respect ' to 12 . ’ ^inco 
the /i-genorator through T contains the central points of all tlio 
A-gonomtors, this means that whatovoi* point P may bo onthe odnio 
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aiinflnity, Uie lino I*B pasaca through ti fixed point T. Tbo olftBH of 
the onvolopo o! the lines joining corroaponding points of a ourvo and 
its reciprocal is finite if the order of the curve is greater than unity. 
The only way of the clnsa beoonoing infinite is when U ooimiidoR with 
T, no., when P moves on n straight lino, vh., the polar reoiprooal of 
T with respeot to O. The result now follows. 

The bearing of this result with a woll-known properly of ruled 
surfaces may bo mentioned. If a our\e on a soroll is a geodesio as well 
as the lino of striotion, it outs the generators at a constant angle. The 
result here is that tliis oonstont angle is a right angle if the scroll ho 
a cjuadrip and the geodesic a straight line. The nature of tho quudrio 
becotnes specialised as desoribed. 


The above result has another intoroating bearing with what is 
hnown os tho Peterson-Morley Tlioprem. Tho theorem is the 
following:’ 

a, b, o, aro tbroe skew Imoa, a', h't o’, are the common porpendi* 
oulars of (6, a), (a, ft), (ft, h). p, q, r are the con3>Tnon porpendioulnrs 
of (ft, a’), (1), 60i (o, a')' 'Phen P, q, r can bo out at right angles by a 
lino 0 , 

Wo oap now state that /», q, r He on a pumholoUl whoso sec lion at 
infmiiy oonsUU of perpondicnhir Zincs. 


Por if Q, R, B bo tho points at infinity on p, q, v, c, then 33 is 
oonjugato to P, Q, B with respeot to H. Honoo 3?, Q, B lio on ft 
lino forming a generator at infiniiy to tho quadrlo determined by 
P, q, r while B lies on tbo other generator at infinity, Tho result 
follows. 



sistsof a pair of tangents and B^ of 

apid are thp points # con fcftcii of these tangents. Idieuoo tho 


line of striotion of the X-gf nerators is tbo /i-genorntor througli Bg, 

i,e,, ft HseVf. 

P • 

The lines of etnoHon of the two syBtems of generators of a para- 
boloid of revolution are the generators at infmiiy . Theso are of oourao 


» Vide Pi'oj, Oumb. Phil 0oo„ 3p, XOH and 197 (lOflJ), AIho Jout uul Loud. Malh., 
Boc., 11, 
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imaginary. There is no difficulty in seeing that this result con be 
considered as included in case (a), 

Moat of these cases have been previously worked out analytically.^ 

I believe that a purely geometrical discussion has not been done 
before. For case (o), the equation of the quadric can be reduced to 
the /orm a;®~y® = 2i5). Sommerville is however incorrect when he 
writes that the lines of striotion are given by — 0 ; a-0 and 

byip*-y2”0j =5 0 where = 0 is the plane at infinity. Only the 
latter lines give the lines of striction, otherwise it would mean that 
the A^gonerntors, say, have for their lines of striotion two /i*genorators, 
in other words, there would be two oontral points on each generator, 
which is impossible, 

8, In this section, I shall explain a diflerent method of proof 
for the general ease, which is very much shorter than Mr, Mitra's 
proof or its modification that I have givpn in § 1. 

The line of striotion is evidently a rational curve whenever the 
equaticna of the generators opn be expressed rationally in terms of a 
parameter. 

Now, if F and Q are the points at infinity on two skew lines, 
neither of which is wholly at infinity, and if B is the pole of PQ with 
respect to (the circle at infinity), the transversal through B to the 
two lines is their common perpendioular, Honoo the necessary and 
sufficient condition that the common perpendicular should meet one 
of the lines (and hence both) at infinity is that I’QB is a line, ic,, PQ 
touches the circle at infinity, 

To prove that the line, of striotion of a general quadric is a quartic 
curve, we have to show that there are four points at infinity on the 
curve, J.c,, that there are four gonerators of the system considered 
such that the common perpendicular between any one of them and its 
oQpsGoutivo generator is altogether at infinity. Now, there are four 
ooDsraon tangents between H and q, where q is the seollon at infinity 
of the general quadrio. If P be the point of contact with q of one of 
these tangents, then the generator at P will have its central point at 
V. The fine of striotion is therefore a quartic curve which meets the 
plane at infinity at the points where, q touches the common tangents 
between q and O. These points are evidently all imaginary, even 
if q be real. 

1 Sonamerville, Analytical Qoowetry of Three Dlmoutioasj 806. 
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II) alsofollowa Uiat tho I'mon of elnolion of thn hoo auHlnmn of tjonc- 
ratora Have iho aamv poinia at infmiin, 

Applying tins molihod to tho (nuidric. of revolution, wo ao(? nt onoo 
that tlio lino oC atriotion ia a oirolo, sinoo tlioro aro now oj\ly two 
common tnngonts hotwoon O and <[, and tlu3 poiutn of (•ontnr.t nro on 
12. Tho method of § 2 however glvea more informal ion. 

The OQSGof tlie paraboloid cannot bo Iroated l>y thia method. 

4, Tho motliod of appoars to bo npplioahlo for any aoroll 
whioh does not prosont pooUlmritioB at inlinily. Tho olaaR of tho aeo- 
tion at infinity could bo obtained by tlie aid of Pliiclter’a eqiiafciona» 
and honoe tho nurnbor of common tangontH hotwoon tho Hootion and 
12 could be found. Caro, howovor, may bo nocoHnary when tho 
raultiplo points' on tho sootion at infinity are an oh that one or more 
of the taugents there to tho section also happen to touch U. An 
.altemativo method, 8^011 as tl^at doaoribod for the quadric, or an ana- 
lytical method, thougli Ipuger, v'iU servo a useful purpose as n checlc 
o|t the value given by the general geomotrloal method. Wo aliall now 
oonBidor one suoh method for a few special BorollsV 

^iio onhio aoroll of tho first iypo,'^ This surfaoo has two directrix 
lincB, one of which ia tho double line. Let ua oonaidor a point 0 on 
the dqublo line, and not lying on the lino of atriotion. ! Two goueratora 
OA and 613 pass through this point, and their piano contains the 
simple directrix. ^ Now a generator In its gonoral poBition can intersect 
the iinc of sliriotion in one point only, vi^,, at tho conlval point of the 
generator; for, if it contained tho central point of any other gonorator, 
tho two gonerators moot thoro, and thoroforo tho point would lie on 
the double line. lino of atriotion la tWroforo equal to 

'Mr? wWe r is lie number of points*^ in' wh’tctii 'tie dine of titriotion 

nnf.ft ivliA R nnnln rlivAAf.viv T.nli ^ Ua. I.KanA la CKa 


n po: 

vf 1 n f; '&} j. .vsuT j i s ;; \ 1 

BGoutive generator. 


niT-r- '-T aro obfijiu gate points with 
respect to i, Xnd are obrreapbnding p'bihts on theyotibrl of the Biirull 

li-. ! :(.! t- Ov.-.n, ;,'.i ) I .i.fjVf ' ! j.i!-. r,;, j . 


1 . Mill lip'e p Mia j, will oxist wlion Uio orilof of dlio ucroll i-i araal.'tr 

thim fcwdj omcfl siioh'a nlwnya possbsaeB a Vloublo or miiltipTo oi’irvn. 

AiValyliciil ^cbmdfcry'bf'Tiircd 'DlitionMoriB,' ^ 620 ; ' 

' " Kefereftcb' rn'ny also 1)0 lanclo to tbo following papotfl by Llio proeenb wiilor, in 
wbich Botno proportioa of thia eoroll nro disBOusBod \ 

Joiirn, Indian Math. Soo. , XIX, M, 

Do. I (Now Sorioa), 861, 
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by th& piano afc infinity, and itai’ooiprooal witb'i’espo'ob to'fi. Lot T bo^ 
the point afc infinity on the elmplo directrix. The tangent plane at 0 
contains OT, CP and GR. Hence PR asses through T. fi'he number of 
points 0 is thus equal to' tho number of' points P that wo can fiiid at' 
infinity such that PR’ passes' through T,- 'for, given ''one auoh'poiDt 'P.i 
the corresponding ^0 is the point of '‘intersection of the generator 
through P with the simple ' directrix. ' One position of' P however is ' at! 
T itself, since T lies on 'the section of the scroll ‘ at infinity, and we' 
have to. exclude this point because the condition-thafc T lies on the 
lino of sbriotion is that the' tangent at T 'tb'fche section also touches ii,’ 
which condition may nob ' bo' satisfied. Hence, • the number r is one 
less than the class of' 'the: enyelbpe 'Of' the liiles' joining •corresponding 
points on the section at ' infinity and its reciprocal. The section at 
infinity being a nodal cubic in ^general,' its reciprocal da of order' 4. 
Thorefoi'O r—B -l- 4 - 1 0.' Tho order of tho line of st notion is there- ■ 
fore eight. Tbo curve is ! rational > since.; the generators, can . be ‘'ex- 
pressed rationally in terms of. a parameter, Hence, iho line of airio-- 
lion of the general oubiC ' scroll of the fml type is a, miional curve of 
order eight, 

The general method of §3 gives the same result. .The nodal cubic 
at infinity is of class 4, and hence has eight tangents in common with 
Q,, The points of contact of these tangents are iho points at infinity 
on the lino of sbriotion; . . ,i’ ' . . 

It may however happen that the section afc infinity is a cuspidal 
cubic. This is the ease when one of the two unodes of tho surface is 
at infinity, The value of r is now 3 -f- 3 — 1 = 6, so that the line of 
striciion is noio a eurue of order seven. To sec bow this result follows 
by tho other method, we havo six common tangents between O and tho 
cuspidal cubic. But in addition to tho points of contaob of these 
tangents with the cubic, the unodo at infinity also lies on the lino of 
striction because the two generators of the soroll through a unodo 
coincide, so that the unodes can be regarded as tho central poiiils on 
tho torsal generators. Tho seven points of intersection . of the line of 
striction with the plane at infinity are thus accounted for. 

Those results will not hold in special oases when the cubic 
section at infinity is degenouvte or when it has special contact rela- 
tions with O. 

The Qnariic Scroll {Type 11 B of Edge; Type VII of Salmon^), 
This surface is formed by the chords of a twisted cubic which belong 

1 Sulmon, fob, oil,, Art 61$) j Wi'L. Ed^e, Theory of Rulod SnrfacoB, ArU 00. 
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to a apooial linear oomplox, ii.e,, chords meeting a fixed dirootrix 
line. 

y A is any point on the oubio and AB, AO the generators through 
A, thou BO m another gonorabor. As in the previous case, the line ot 
sbriotion can moot each of the sides of the triangle ABO in pno point 
only. Siaoo the soufcion at infinity is a trinodal quartio whoso rool* 
procal is a aoxtio, the number of points in which the line of abdctlou 
meets the cli.^eotrix =>4 + 0 — l = g, using the same argument as for the 
oubio Boroll of the first type. The order of the line of sirhtion for Um 
typo of eoroB is, in Ub general oaao, therefore equal to twelve. Tho 
same rosuJb is obtained by the other method. 

no Quartio Scroll {Typ, IV A of Mgc) Typo 11 of Salmon'). 
Ihe surfaoo has one triple lino and one simple directrix. Througli any 
point of tlio triple line there pass three generators lying in a piano 
through the other dirootzMx. Tho section at infinity is a quartio with 
a triple p >int. As long as the tangents at this point to tho section aro 
distinct, the olass ot the section is Of and the arguments and results 

for tho previous type of scroll continue to hold good. 

OKNTnAL COLUIOJ!, ' 

BANCIALOltll, 

Bull. Cal. Math. Soo., Vol. XXVIII, No. 1 (1086). 



E^lgOf too. oit.t Art, 63; Salmon, |oo, cj't., Art, 6-17. 
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SiMULTANB IdENTITATEN 
By 

, Alfrep Moessmbr 

n 

Vorhevierliung ; Das Symbol = bedeutot die Glelohheit der Potenz- 
auramen gleicher Poteozon in n versohiedenen Expononten z.B, 

« 

a. 0 , d = 6, /, h (n « 1, 2, 8) 
bedeutot doa systom 

ai-h + o + d ~ O'l-f + g + hy 

.[.{,3 .|.(j3 _ ^3 .|,y3 ,|.^3 ^ jrj,3^ 

L Die simultanQ Identitiili 

Ai, ^2) A^, Ag^Bj, ]32» ^3 ^^8 (^~1» 2, B, , 6). 

loh babe diese Ideiititilt golbsfc in meinei* Arbeit "On the Equation 
Ai-t'A 2 + =* Bf + Bg-h- and Allied Forma" in "The Mathe- 

matics Student", Vol. II, 1984. Hier soli oine nndere, biaber unbe- 
konnte oinfaobe Losungaart gozeigt warden. 

Bestobt die Relation 


I*'j (Eg, E* ^ 1 ' ^ 2 * "•••• I O ( fiir W-“l, ■«« , ®, 

wobie a ungorade und « « ai-l-l ist, dann gilt, wenn man 






Botat, Guoh die Idontitat 




s-Gr, 


« 

fa Oi, Q-g, ...... 

G,, s-Ei, s-Fg, 

. ><• 1 8 “ F^ 


fiir n=l bifl aj-hS, wie duroh die NewtonsohenEormeln der Gleiobunga- 
theoriebewiesen wird. 


a 
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Besteht also dio Belatlon 

Hi, Hsi, H,, Hi = K,, Kj, K;„ Ki, Wo n=], a, 11, 
80 muB8, wonn man 

8 = -|(Hi-l-Ha-l-H,i + Hi) 

sefczli, auoh dio IdenUtlili 
Hi, Ha. Hr, H.1, 

w Kai K3,,K4, s—Hi, H~Ha, h — H^, 
{n=*l, 2, ... , 0) gollon. 

pamil^ iot die aunyltano IdontitiU 

Ay, Aa, A 3 “ By, Bat 2, ......0) 

gelOst, 

Exompol ; Aua 

1, 10, 12, 28 « 0. 6, 10, 22 Blv ?i 1. 2. M, 

folgti, da a! ~ 8 ungorade und 


« « 4 {1 + 10-1.124 28) 28 

4 


ial), das Eosultat 

I, 10, 12, 28, 28 -“8, 28 28.~10, 28-22 

~ 8, ^ 10, 22. 28”-!, 28-10, 28-12, 28-28 (ii I, 2 0). 

U, Bestehi dio Bolation, 

WG);)el CR 


L» ^8' ^ 

n (i(}mh und ^ i^bii gjB» wetttt V' 




setzt, uaoh don Nowfcouaohea Forraoln dov GloiohungHfchoono auob dio 
Identit^t 

- ^ * Hi. Ga H;, s-Gi, fl-Ga, a-G,, 

iiir w - 1 bis x+B, 


.SIMUX/TANB IDENTITATEN 60 

DaiauB folgt fixr die Belatioji 

n 

Li> La L5 = Mj, Mg, M5, 

fiir w = 1^2, 8, 4, wenn man 

.:^|{Li+L 2+ + L„) 

aefczt, auoh die Qultigkeit der Idontitafc 

Lj, Lg, Lg, a-Li, s-Lg 

= Ml, Mg Ms, a-Mi, a-Mg ... . s-M^, {n = 1, 2, ... , 7), 

Dnmit isfc die Identitiib 

Oi» Oa* ^10 ~ Lj, Dg Dio 

'(n w 1, 2, ,7) golSst. 

Exempol : A.ua 

1, 18,14,80,82 « 2, 8, 21, 26, 84 
(n s= 1, 2, 8, 4) folgt, da a? gerado uud 

S 1 (1 + 18 + 14 + 80 + 82) « 8(3 

let, die Identitftfc 

1, 18. 14, 80, 82, 8G--1, 00-18, 80-14, 80-80, 80-82 

= 2. 8, 21, 26, 34, 80-2, 80-8, 86-21, 80-26, 80-84, 

fur?x:= 1,2, 7. 

Bemei'kt Boi, dasB es Bich auoh hiernioht um oine orsfcmaligo LOaung 
der Bimultanien IdentitUt 

(^i» ^at ••'••• t ^10 Li, Dg , , Di(j (u — 1, 2. •••«>• , 7) 

handelfc, sondern nur um eino von der bhhorigcn LOsungsweise 
abwcichendo LOsungaort. 

III. Wenn ioh nun noch eine einfaohe algebraisohe LOsung des 
Systems 

X, Y, Z « U, V, W (n = 2 und 8) 
anfObre, so nur deswegen, weil deasen Losung in ganzen positiven 



CO ALFIIKD jrOBSSNRIl- 

Gabion bishot fttt unmOgUolt gohalton wurdo. loh aotao 
X « 8pa+24pH^2 ; U «« ap8H*72p-K080 j 

y « 9p8'hl08p*i'770 ; V « Op® -i* laO/M-BBO j 

Z -=: 12i)»H'18()p-K172 ; W « I2p» *1*2041) 801. 

p « 2 orgibli 

81, fi40, C71 « 271, Bai, 000 (n n. 2 »,n(l «). 

, ElnonSondorfall, namlioh 

1, 886, 880 « li)8, 108, 402 (n 2, 8) 

bohommii man, WGun man p=*0 odor p®# -*^10 Botat. Dobb init dor 
gonannton Formol niohi) alio TiOsungon doa vorgologfcon SyatewiB gogo- 
boa Bind, bodarf Itaum boHondoror ErwUhnung. 1 ?h aollto blot nur die 
Losnngsmdgliohltoit goaelgfc wordon, 

Niimborg, Germany. 


, .Bvl). Oal. Math, Boo., Vol. XXVIII, No. 1 (1080). 


Eeview 


introduction Mathematique aux theories Quantiques— par Gaston 
Julia (60 fr. Gauthier Yillors, Paris). 

M, Julia is a master of lucid exposition. Here is one of his 
books which justifies this statement. A glance through the 
introductory ohapter will enablo one to understand the pro- 
gramme of the author. This chapter although historical, is 
extremely instructive ; it is not a mere statement of foots ; the 
example with which the author begins brings out clearly the idea and 
importance of oigenvaUc of parameters in the problems of mathemati- 
cal physios. As the reader proceeds, he is introduced to the notion of 
integral equations and its analogy with linear equations which natu- 
rally leads to the idea of Hilbertspaoe. The aim of the author is bo 
develop these ideas in a systematic way ond this is done in the follow- 
ing chapters. The introduction of linear homogeneous geometry (affine 
geometry) and its metric is effected with fcuoh simplioity as to present 
no difiioulty to a beginner, while the ohaptera follow each other in 
elegant sequonoo. There are other books on the same topics, such as 
that of Weyl, speoially meant for the reader of quantum theory ; 
but the authors of those books seemed to have aimed more at elegance 
than at simplicity. For this reason this book of M. Julia will attract 
a wider range of readers than the professional mathematioions. It is, 
therefore, pleasing that M. Julia has undertaken the task of writing a 
series of books which would be a oontinuabion of this volume and we 
are sure that the series would bo a boon to the readers of quantum 
theory. 


B. B. 
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On Linear Sub- spaces in an Euclidean 
Hypbrspacb. 


By 

N,’ N. Ghosh, 


This paper is written, in continuation of a previous one, to illus* 
trate the application of the scalar (Jetcrminants in geometrical inves- 
tigations. The properties of these determihants alone, enable us to 
build up a kind of vector algebra, applicable to the geometry of hyper- 
space. The mode of treatment is necessarily elementary and the 
topics chosen are simple, being restricted to linear sub-spaces in 
Euclidean hyper-space. Although, I have avoided standard tensor 
notations, it will be perceived that further developments will merge 
into the wider tensor calculus. It is believed that the process is new, 
ensuring greater elegance and expresBiveness in the results than are 
obtained otherwise* 

Let rt, (/ = 1, 2, ... iii) represent in vectors, linearly independent, 
in an dimensional Euolidean space, referred to a system of n 
rectangular axes. The equation of an m-dimensional linear sub-space 
A,« is then of the form 


p = a *h 


^ X (a ^ 


( 1 ) 


where a is the vector from, the origin to a given point on the sub-space 
and Xi are arbitrary scalar variables. 

Associated with (1), we have the non-vanishing scalar determinant 
of wth order, symbolically represented by 

A. W 

[ai ttg ... Cm) , . • ■ • 

which gives the square of the content of the di - dimensional parallelo- 
tope bounded by the veotors as conterminous edges. 

Denoting the components of. by (a^, a< 2 , ... »<«), weoan 
express (2) in the ordinary form of a determinant, having for its (t-i)th 

* *0a a olafls of ^etormiaanti having georaotrioal .applioatlona,’ fWf 

xxvni.i-w. 
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element, the scalar product of a, and a^. This determinant A^, will 

m 

be called the dominant of A„,. 

The equation (1) shows that for all points on the linear -space* 
we must have 

ip^a ai a2 ,,, a„f) 

] [ 

[p — a ai ag a„,) 


To determine a,, corresponding to a given point p on A„„ we subati- 

m 

tute p ~ a. — "S, a;^a< for a^ in A„ ; we have then 

< = 1 m 


0 “ A„ + ajf A« , 

\p-aj «» 


( 4 ) 


where the symbol ( A^ represents the scalar determinant 




A^^^ in which ai in the first row is replaced by p-o, 

2, Parallel and perpendioular vectors to a linear sub-spaoo. 

Let be a vector not belonging to the Bub»8paoe A,„. Then we 
ean form a new vector 

aj = 



which evidently belongs to A,ft and is the projeotion of 6^ on A,„. 

If.by is parallel to A^, we then have 

S /»A 

\hJ:: " , 

or, ■ ^ y ' 

¥he vector b'y « bj -&j is.normal to the sub-space A^, for, taking 
any vector we have 


m 












,whereW V^ j is iproportional to the oosine. of the angle between 


ON I.INBAE sub-spaces in an euclidean HYPBIlSrAOB 6S 


and 0 *. By (6), we have then 




- 

<«! 


a{) fai 


{ bj ag ... 

0* (ii da ... a„,) 

and this vanishes if c* is parallel to A, that is, linearly connected 
with the vectors , 

If 0 * — dn, we have 


Tailing another normal h^k “ bj^ — dh, it is seen, further, 
ih^j) (hy dj dg ... a,n] 

A, = (0) 

The condition that bj ia perpendicular to A,„ is 

fl; = 0, t.a., ( ) Afl s=5 0. (10) 

\bj/ - 

Lot V be the perpondioular on A,„ from a given point y, then 
putting by M a-y, in (6), we get 


and by (9) 


by-fty=a — 


a—y a dg ... dj,) 


A„ A„ , (11) 


(v) ^»>) 

which gives the length* of the perpendicular 


8, A set of veotors mutually perpond/odlar to one 
another on the sub-spaoe A,,,. 

Let us start with the vector dj at the point o. Taking dg, we 
replace it by 



^ A formula from a difforenfc point of view, is given by H. 8, Uhler in his paper 
entitled, ‘Least distance from a point to a linear {n-fO-epaoe ia a linear n-spooe,* 
Annals of Mathomatioa (2), 27, 6fi-88, 
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wliioh IB poi'peadioular io rtj, and Vm iu tha plane olfi, umloj,. 
Noxfi, flfj Ib replaced by 



wliioh ia porpondioulnr to (ilio plane ol <j, and hq. IVdocoditig in thia 
manner, wo Anally ruplaao a,„ by 


»«,*>* » a,n 


>»-i 

% a, 

ini 



(W) 


whioh ia porpondioular to tho Bub-alinoo A,,,., tomml by tlio viiotora 

Now (i[, Wg'i*, rtjj'K, ,,, belong to a ayatcm oC in mutually 
porpendioular voofcora of the aub*, apace A,„ and /c of thoBc vootora tlelor- 
mine a linonr sub-apaoo of k clirnonaionB, while the remaining ai-Zr 
voofcora clotermino one of (ijt — Zti) dimonaiona, Intorfloafcing at fcbo point 
a, Buob that Gvory lino through tho common point in any one of thorn 
ia porponcUoular to ovory line in the ofchi.r through tho wamo point, 
rhe two liuour Bub’apaooB arc oomplotoly ovthogontil. 


Prom (18), wo have 

Art 


fii-i 



y « Art •< 

««i*j 

(a»i 


««i*! 


«« Art , 

m 


and oonaoquently tho dominant of A,„, may bo oxptoaaod in tho 
canonical form ’ 


lav) 


w: 




lay 


( 14 ) 


Again, 


Therefore 


Art 


Wrka, r 

/a,n\ 

( ( I , I ~ fArt . 

[am ) \bjJ Ijjj j m 


Art • 
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4. Normals related to- two given linear suh-siMces. 
Let the Bub-spaces A,„ and be given by the equations 

p SI a + 

■ t ; 

p ^ + i Vtbt 

< “ I } 


(16) 


of VI and I dimensions respectively (m ^ 1), If the vectors a^, be 
all linearly independent of one another, we have, associated with 
the two sub«spaoes, a non-vanishing scalar determinant of (w + Oth 
order 


Cl 02...a„, bi bz.^bi) 

^a„^b^ = -s ■ > , in-Hif < Jt. 

(Ci a2...a,„6i b^,,.bi] 


(17) 


This will be called the oompoxind do-minant of A,„ and Bj , 
Replacing by, by b'j^bj-dj, we have 

;i)'i 




[h>i b>^.„bit 


lie presenting 


(ij'i h'z-bi,] 

1 (t/i 


1 ' 

h or < 



1 bi 

b^,.,b; \ 


by we got 

Similarly, 




(18) 





The linear sub-space B';, formed by the vectors may be called 
the linear normal’Siih’Spaoo to A„„ corresponding to B^, Similarly A'„, 
will represent the linear normal sub-space to B j , corresponding to A,«. 
Now A',,, and A,» cannot be made up of linearly independent vectors, for 
2>n > ni’hl. rionoe, at least, ?h — I of the normals to Bj, will neces- 
sarily be parallel to A„„ To obtain these, wo proceed as follows : 

Choose a sot of I vectors aj, a ; in A, „ and form the scalar . 
determinant 


Cg,, 


( 19 ) 



N, N. axiosit 


C8 


Tailing Gaok of the remaining m - 1 vectors from A„„ let U8 oone- 
truct the vectors 


7T. — Oj 


faA fl; 




A / A , (8 » M-1, M-2,...m)r (20) 


which obviously belongs to A„,. 

Now ib can be easily seen that tTj is perpendicular to , for, 

[tti) a 2 <<ia{) 


a j 4 


Ub 




(fcft by bQ...bt 


“0, It 


Next, we shall prove that if a normal to A,„ is parallel to B ^ , then 
there is a normal to B i which is parallel to A,„, 

Let 0 j denote any vector not lying either in A„, or B ^ . Denote 

, a normal to A„.. 


and 




oj-^ %b A A^ / Aj , corresponding normal to B | , 

\ojJ I 


by and respectively. We have then 


Afl 


and 


or 

or 

or 


^2 




by 62 bj 

or by bQ.,.,,.bt 


mush vanish, it follows, further, that the normals 


whence the proposition follows . 

f or ' 

Since K 

{ or , 

are perpandioular'to one anotherl The two sub'spaoes are then juat 
■parUallijorihog6ti,al, 

5, Oommon normal to two linear stib-apaco 8, 

Let the vector to the extremities of the common normal to the 
Bub-spaoea (16), be denoted by v, then 


m / 

V = 5 X{a{ - :s, ijihi , 

<“i ■ 


( 21 ) 
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and satisfies the relation 

(ai 








Therefore, substituting for in (17), the expression (21) for v, 
we get ■ 


Similarly 




- Vi - 0* 


These equations determine the position of the common normal. 
The vector v is given by 

m / (ii \ 

(v-a + fij +|Sa|l _ 


+ S h j I 
<•*1 \a-/9, 


= O' 


(:i2) 


If we consider a compound linear sub-space of vi + 1 dimensions, 

i 

p — a + , 

then the perp endioular from j3 on it, is givefii by the same expression 
as (22). 

For the length of the common normal, we have then 

( a /3 (ii ci2»,. (1,11 b I bii^,.,b I ) 




ttt® i 


(28) 


• ( a-/3 ai ag-.-a,,, hj bg.. bf } 

If, however, some of the vectors b( be parallel to A,„, let the com- 
pound dominant be represented by 

j ag,,,a,„ bj b2...b* ) 

{ aj aa..,a„, bi bg.-.bA ) 






(24) 


the mutually independent vectors, b^.^ , b^ + g ,,..bj being linearly 
connected with a<, 


Now 


V ~ a“/3 + S 5 iy<b< , 

1 I 



Making use of tho dominant (2(1), we have 


a, 


j /«< 




0 = 



Tho vector v is given by 




■w"*- 


m 




^rt,„6^(v-a + ^) +S a,| I Art,„fc,, '1*;^ fj, 



1 Va-^y 1 

( m / ( 


A„ 


Kl^i 


^ 1/ 1 I' A "{ ( { ) ^ft,,, A k ^ it < A ^ rt 11, A 1. ^ " 

r-' \hJ * M 


But i is linearly oonneoted with a o liberoforo by (0), the right- 
hand side vanishes. Honoo 


m ( \ k f \ 

A„„,6, {v--a + ^) -I- SflJ ^ + ^ l>, A«,,,ftj^<^0. (2fi) 

^ \a,-^p/ ^ \tt-«py 


It must be notioed that through every point in the •aub-Bpaoe 

there is a common normal, 

The two sub-spaoes are called {l-^U)ll parallol. 

If, again, aU the vectors 6 i are linearly connected with a,, the 
compound dO|hlnant is represented by 

. j ...i:... . : 

. r«f«' ■ t 

( ai,aa...a„, ) 

, The two sub-spaces are now oowptetely famtUl, 

As before 

' * ■ y. ' ..^ ..■; 

;,vU- .: ' ■■■♦fi’' ■; 

, ' vs: + S , 

where bj, 62,, are all linearly connected with fl<. 

"We have now 


ON MNBAR SUD-gPAOBS IN AN BUOLIDBAN HXPERSPAOH 
and V is given by 


71 


(v-a + ^) + ^ a^i 


f a< ^ 


I ( m f ^7\ 


0 . 


( 26 ) 


From every point; in B ; , there is a common normal. 

When V vanishes, the sub-spaoes are said to interseot. 

6. Angle baiioeon tioo linear $ub-epaoe6, 

The angle between A,„ and Bj Is the same as the angle between 
the sub-spaces 


P — S , 


P « , 


«) 

m 


passing through the origin, 


Projecting i) , on (i) orthogonally, a sub-spaoe of I dimensions is 
generated in (i), which has for its oquntion 


p - . 


(mi) 


( 27 ) 


Now the angle between (i) and (n) is the same as the angle between 
(i) and {iii). Denoting this angle by 0, wo have 

(dl d2«<>,<,dj) / (^1 

OOB^d -I f / ) 

» (dj / (h] 

It can be proved that 

(d[ dg.itMidj') f d I . > « I « I id ) 

( dj da,,,. lid; j (hj ba<<*>»ib{) 


5, 


1^ I ^ 


a ^ a ( a ( 
8 / 


bi 


'Oi a< a^ 

I 1 2 ) 

^^^1 ^2 


( 28 ) 


where the summation exiionds over all f-oombinations {fi, fa.,.<;) of 
the integers, 1; 2,.., arlranged innatural order, 

2 



N, N. anoBH 


m 


In tho ftbove, tho Bymbol 


"‘.‘•S' 


a, 


A, 


V^i h h, / - 

rG;^rofient8 tho soalaii* datui'minaut A„ in wliioh a, in tho first row 

■ irt * 

IB replaoQcl by h* for /c»l, 

Honoo QOB^O may, bo oxproasod in torraa of tho olomonta of (i) and (ff). 
In the particular oaso, when jh, ooa^d is given by 


(20) 


aj ftfl... 


(«1 H rtm) 

bJjuiL 




f)l (H 


Whoa Bomoofthe voobore 6( are parallel to Ami the ratio (27) may bo 
further reduced, Let, for deliniboaoB^, 6 »h,.m 6,' be all parallel to 
Am, then 


OOH^d » 1 

i 

,.,dic h^ i ] 




■ 

1 

[flldg... 


hj 1 

\l (h, 69.., 



(<Ii d* i)jt , 1 6 1 I I 

“ k 6a,....,6. 6„, b, 

Denoting the aoalar determinant 

(f’A+i b*4.5}.,..,.6| I 

by , A^J mayhelexj^teasedlAii^^^^ 

(cr^ <rg.,>,,,,crj^yfbj + j ,1,6 j I ^ 
(hi ) 

where 


Similarly 





(^1 
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IB expreased in the form 


A, 


\ (^l 

.•5* ) 

]P) 


f (O-J CTg. 

..(r* ) 


Hence co8®0 is reduced to 
idi 

{a-i 0-2.. .o-i 


1 0-1 cra...(rt 
[hi 


(80) 


We have seen in Art. 4, that it is generally possible to find a set 
of at least m-l vectors in A,„ such that eooh of them is perpendicular 
to Bj. Let us suppose that denote these vectors, 

then co8®d in (27) is expressible in the simple form 


A«,: A, 


fa, 

a^-’-aj '' 

<1 

aj 

f 

u 

82 ... 8 /y 


b\ b^,,,bi] 


or 





(81) 


which may be further reduced by expressing A„ as a product of 
scalar determinants of which one member is the minor (An ). ■ • 

^ p, : 

7. Orthogonality of linear 8ub’-^p'aoGB, \ 


When two 8ub*spacGB A,„ and B; are completely orthogonal it is im- 

a 

possible to form a non-vanishing scalar determinant of the type Aj*, 

Ir 

When the sub -spaces are not orthogonal, %}).&' maximwn order of such 

a ■ 

scalar determinants is I, in fact, A,, ^ may be so chosen as not to vanish. 

When the sub-spaoes are (f~/c)/^ orthogonal, the maximum order is h. 
Let us represent a typical one by 

jaiaa^Ma* 

(61 



and call it the mixed dominant of Ai,, and B]’. There are now m-7tf 
mutuoUy independent vectors in An, perpendicular to B| and I --ft 
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mutually iDflopondont vootora iti B, pct'pi'ndicinlnr In A„,. To ih'tmrmino 
fcheao vootors, wo prooGecl aa tollowH : 

Oonsidor tho Bonhir dokrminuut 

(h\ \ {«) rta...a* + ) 

I sa X V j 

\aj ffgo.fl* / * (f>, i 


u'hioli wo simply donoto by Aj*. Then tho vootoi-H 


^ * / a ( \ fl / rt I /^ {\ n 

A "' a ^ ^ '»‘L . 

<«i \^i } M f (Witp i \(i, j ' 




{8»/c T It /i!*b2, ,jm} 


ore all porpondioulov to B|. Moreover, oil these in -/f vootors holong 
bo A„„ for, 

aWa/ (), (« /.-PI .m). (Mil) 


i »*■ 


siuoG every soalar doterniinaut 

\ a 

involved in it vonishea when expanded by Lnplaoa's bheorom. Again, 
oonalder the seal nr determinant 


1^(1 “ 


vrhieh wa simply deiip|e; .^y A^i*. hep the i- Zr v^otors 




,h, 


(8 w /O + I, k + Q, 1 ) 

ore oil perpendioulor bo A„, and it oon be proved that they belong to B f . 
When A,„ and B , ore oomplately parallel, wo shall always have 

A”; to, 
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t5 


nndconaoquontly the eub-Bpaoes can never bo orthogonal. When AJ,j and 
B| are hjl parallel, the intnhuuMi order of the mixed dotninant is h, 
which we may conveniently represent by 


'6. ia-.b. 


'fl ^ S’* b ^ , 


and the highoai degree of orthogonality i« 

The fu-/! mutually independent vectors in A,n perpondiouior to 
B / are then given by 


A ^i( Ja”'* / a”'' I (fi =» /H'l, ...f m), 


t -1 


(B5) 


i t 


where 


^*1 

^ 1^1 ^2 h|j 

ThoT-hmutunlly independent vectors inB| perpendicular to 
are given by 

1),- i Ma'/' / a'" » (8 - /M-1, ... 1), (80) 

\bj «»./ ‘Im 

whore 

■ ^ •” «A..i ... - 

(*h ^'2 ••• l (im ) 

Binoe (i *» 1, 2, h), the above may be expressed in 

t|io form 

h /«<\ ’/ 

,?i *'L 

(s ,SS 


8, 5«aoe«ifi>c projeoUons and minimal v coton, 

Let 6 be any vector lying on Bj, then its projection 6" on A„ is 
given by 


h" .na 


'^1 “'il) 
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If now bo projeobed on Bj, we get 


» /^A / 

==. :S btl _ Aj, / 

‘-1 \hy I 

The veotot b is a minimal vector, if 

jjflF ^ (80) 

where ii *=• oos®^, f being the angle between b and A,„. 
RepreBonfcing, for a moment, 



A«„| i Art^^^Aj^ 1 


by the symbol 
ORB rewrite (89) in the form 


b\\ ^ I 

f and using for b the expression X^Vt b<, we 


whenoe 



I 

uX 

< -i 


«1/| - u. ]yj^ : 1.2, f). (dO) 


The above equations determine the j/’s of the minimal veotors 
provided 14 satisfies the determinantal equation of well-known form, 
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Putting M = 0 in tbo above, wo get a determinant which is the 
product of two rectangular arrays , 


'1 

j 

'b. 



jAb 

) a 6 , 

j A h 


Ab I Ab I 


k I I ^ b ^ 


1^ ^ ^ ^ b ^ 



where the summation oxtonda over alU-combinations ip <2» 
(arranged in natural order) of the integers 1, 2, m. 

Referring to (28), we notice that the value of (42) is ooa®0, where 
$ is the angle between A„, and B j , 



Denoting the i roots of the fundamental equation (41) by Uji M 2 
Mj , it follows therefore 

M]. M 2 ~ ooB®(?, (48) 

If h of the roots vanish, the sub-spaoes A„j, B; are h(l orthogonal. 


DUPAHTMENT of MAraUMATtca, 
C/VLOOTTA TJmIVBRSITX, 


Bull. Oal. Math. Soo„ VoU XXYIII, No. 2 (1986). 


7 


On the "Veotoii derivation of the Invariants and 
Centroid formulae for Convex Surfaces. 

Br 

S. N. Boy, 

I. 

Introduction, 

In a previous paper, * Mr, B, 0, Bose and the present author 
took their cue from investigationa made earlier of oortain interesting 
properties oonneoted with the three different kinds of centroids defined 
for a closed convex curve and studied the corresponding properties 
with reference to four diilerenb kinds of centroids defined for a olosed 
convex surface, of course, regular and analytio throughout, Assooia* 
ting with each point of the surface, three different kinds of density, 
in Buooeasim, (1) a density proportional to the Gaussian curvature 
1 

.g—g-., where Rj and Bg are the principal radii of curvature at 
that point, (2) a density proportional to the mean curvature 

— h ^ |, (8) a uniform density, the centroids of the surface 

y Rg y 

thus differently weighted, were called respectively, (1) the Gaussian 
curvature centroid, (2) the mean curvature oeniroid, (8) the surface 
centroid j and the masses of the three such weighted surfaces were 
called respectively the three invariants of the surface. To the three 
such centroids was added the volume centroid and to the three invariants 
of the surface, the volume content, thus mukihg up four oetotroids 
and four invariants for the surface. 

’'R.O.Boae and S.N.Roy, “On the font centroids «f it oloaed convex 'iwrfiiceit’’ 
Bull. Oal. Math. Soc., 27, (lOSfi), Ilff-lsld. Other refaroooes to the literature 
on tile aubjeot will be found In tliis paper, 

a 
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A (1, 1) correspondence being established between the surface 
and a unit sphere in the sense that, corresponding to a point P on the 
surface, a point P^ could betaken on the unit sphere, such that the 
radius vector from the centre of the sphere to P' is parallel to the 
outward-drawn normal to the surface at P with direction-cosmes 
(a, /S, y), it was shown that any characteristic defining the surface 
could be regarded as a function of pcsiticn (a, /8, y) on the unit sphere. 
In particular, H, the perpendicular from any point (taken inside the 
surface for convenience) to the tangent plane to the surface at P, 
could be looked upon as a function of position (a, /S, y) at the corres- 
ponding point P^ of the unit .sphere. This H is commonly known 
as Minkowski’s Stiitzfunktion, 

Grad, eto., were associated with differentiations connected with 
movement from one point of the unit sphere to a consecutive point 
on it, all vectors being thus situated on the tangent planes to the unit 
sphere ; and r®, r', denoted the vectors from the origin to the four 
centroids and 4 ;t, M, S and V, the four surface invariants. 


■ It was showh that . . 

; : = 3jnHdu, (l-j) 

. , 2Mr' « /(SE®- vH)nd(d, ( 1 ' 2 ) 

Sr" - KH^-HvH + i(gradHgrad)vH}nd!a), (1'8) 

‘ 4VW/' - KH*“2H2vH + H{gradH grad) vH + i(vE)^}ndw 

. ' ■ ' . ' +H{{gradH grad){vH)}gradHdw, (1’4) 


where vH=gradH. gradH, n is the unit vector in the direction of 
the outward drawn normal to the surface at P, i» o., the radius vector 
from the centre of the unit sphere to the point P' on it, dio is the 
■’eleiiifent of area on the unit sphere and the single sign of integration 
stands for the double integral. , 

(The four invariants came out as ' 


V s ^ j(H2~ivH)da,, , ■ 

:u; n : : ^ " i{iH3 -.iHvH + J(gradH grad)(vH)}dto. ' a -S) 
■ objeoi of the present .note. is. to express .the mean radine 
of ourvaiure i (Bj ^R^) and the Qaussim radius of curvature B j Eg 
purely in terms of vector invariants, the vectors being gradH 
■ 'and. other : vectors derivable from it and to. derive the formulae for 
'the diffaUnt centroids and surface defined above ^ by 
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purely vootorial vicihoda or, to he more explicit, hy means of the 
ivelUlmoion V'-oaloulus {doUoalculus), This considerably simplifies 
the labour of oaloulaiton involved in the previous derivations and 
like all vootor methods, gives an insight into the process of oaloula- 
tion. The interesting geometrical properties connected with these 
centroids and folloioing directly from the formulae (1*1) bo (1*8), 
have been proved by the methods of veoior differential geometry 
in the earlier paper which ought to be referred to for these. 


II. 


The appropriate vector calculus and the vector expressions 
for the curvatures, 


Any scalar quantity V which ia a function of th& position {a, (3, y), 
on tbs unit sphero can be made a homogonooua function of (a, I3,y) 
of any desired degree p, by virtue of the relation and 

after such a traneforraation, it was shown in the previous paper 


that * 



(p-l-2)faVdto. 


Q a 

If we regard '-™— , etc. as simply space difierentiatious of a 

Oa 0/3 

function of spaco coordinates (a, /3, y), then we have 


Jgrad Vdw (p + 2)JnVdw, 


( 2 - 1 ) 


where n is the unit radius veoior from the centre of the unit sphere. 
This is, of course, a vector equation. > Similarly, if V is a vector func- 
tion of (a, /9, y), of degree p, then .... 

^divVdw *= (p + 2)imVda), (2:2) 

JrotVdtw « (^ + 2) Jn X Vdw. (2'8) 

Also if W and V are two homogeneous vector functions of a, y and 
if pibe the sum of their degrees, then 


fW divVdw « — y(Vgrad)Wdw (p + 2)JW.{n, Y)<J(d* (2'4) 

The formulae (2*1)* to (2 '4) are the fundamental integration for- 
mulae of the present calculus and will be repeatedly used in course 
ofthe oaloulations in seobions III and'IV. " 

♦ B. 0. Dm« wde. N. Bbyi’ formula (2*8). 



, ' It jjbould be renjierabered here that div, grud, etc., of the present 

. paper are apace differentiationa and abould be distinguished from div, 
grad, oip., of the previous paper which are surface differentiations. 
As a matter of fact, 

■gradV (space) = gradV (surface) •+■ pnVj (2’61) 

where p is the degree of V. We have aitnilar results for div and rot. 
In fact, if V is a veofcor (u notion of space coordinates a, y, it can 
be shown, that 


div V (space) » div Y (surface) + p(n.V). (2*52) 

Changing Minkowski’s Stiitzfunktion H into a homogeneous function 
of (af j8, y) of degree 1 by virtue of the relation a® +y®s=l, and 
eaUing 


.8H _ -rr _ -pr 8»H _ „ , 

a» a/8 &y ’ do.^ 


82H 


* 9^H_Tr 8»H_„ Qm _ -r-r 

0a0j8 0i8&y ' dy8a 

we easily see that # - 

aHi+^H2 + yH5 K= H, 

or veotorially, n, grad H (space) = H. 

. Again “Sji + ^SHja + yHig = 0 

oHg|+/?H22+’>'H3 3 = 0 
aEgj 4‘/3B[52 + yH8g *!3 0 
or veotorially, n, grad(vH) (space) = 0, 
'and also (n. grad) (grad H) (space) s= 0, 


8/38 


H 


9 21 


(2*65) 

(2’640) 

(2*54) 

(2’546) 


Again, remembering’ the relations (2*04) to (2*72) of the previous 

•piB^cr, we have 

VH (space) = vH (surface) + , (2*56) 

And (grad ^. grad).(fnnotiQnof degree p) (space) . 

(gradH. grad) (function of degree p) (surface) 

+ p®H (function of degree p), (2*66) 

• Kreje UQd Kogel, we. 
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4 (B] +B2) — 4 (Hi 1 + H22 +Hag) = 4 gradH. 


Also^^ 

B^Ba = 

Hu 

Hi 2 

Hi 3 

1 


H21 


Has 



H31 

Hij2 

H33 


la jS y 0 I 

=3a[a(H.j3H3 3 — HI3) + - Hg 1H33) -f* y(H{j j Hy g — H22H3 1)] 

+ / 9 [similar terms] +y[8imilar terms] 

= o[a(H22H3y — + {(-aHiy —yHy 3)113 1 +{aHj J +yH3 |)H3 3} 

'h {( ~* aH 1 3 — 2)H2 j + (aH j j “h jQHg I ) Hg 2}] 

+ /8 [similar terms] +y [similar terms] , from ( 2 ’ 540 ), , 

= a[a(Ha 2 H 3 3 — H^y) +a(Hi 1 H 33 —Hf 3 ) +a(H 2 aHi j -Hli)] 

+ /3 [similar terms] -I- y [similar terms] 

- a2[(H22H33-Hig)-KHuH33~Hii) + {H, 2 Hu-H?a}] 

+ [similar terms] + y^ [similar terms] . 

• It easily follows from the perfect symmetry of the ooeffioient of «} 
that and y® will also have the same ooelTioiont, Tbereforo 

RiEg - (Hg2H,,-*Hii) + {Ha 2 H 33 --Hi 3 ) 4 -(H 93 Hii-Hii) 

- ^ (HsH,,)- I (HaHi3)+ (H 3 H 38 ) 

+ |-(H,H3,)-1(HiH3i) 

,, - i |;{H,(dW gradH-H,,) }+g|{H, (div gtadH-H„)} 

+ 1 {HsCdivgradH-Haa)} 

' . ii'/i •' • ♦ W| Blftwbkef loo. oft.i wo. 



-idiv(gtadH div:gradH) -i div grad vHr . • 

Wq have thus 

Bj+Kg = div graclH^ (2*6) 

and ~ idiv{gradH div gradH-^ grad vII}b (2*7) 

III. 

The invariahie of the surfaoe. 

The first invariant 4nr need not, of course, bo calculated. 

The second invariant 

M = Jf (B I + Bjj) dta 

= ^Jdiv grodHdw, from (2*6), 

= iJn. gradH dw, from (2 '2), 

' • : . := *JHdw, from (2-68). (8*1) 

The third invariant 

8 « jBiB 2 dw “ §J{div(gradH div gradH)-‘Jdiv gradvH}dw, 

from (2‘7), 

• iJ(ii.gradH div gradHjdw-ilnitgrad VH^w» 

from (2*2) 

"ta div gradH)dtij, from (2 '68) and (2 ’64), 

. Ifn.HgcadHdu-HvHdw, from (2-2) and 

ordinary dol-oaloulus, 

‘ — VH)dtt) ■ (apace), from (2'68), - (8 2) 

r s= f(H® —4VS)dw (surface), from (2 '66), (8*8) 

The fourth, invariant 

~V'^ I^HBiBrsdo). 

Blit , 

*, '/H:RiBa<Jw '= ^JH-divCgradH'div graaH;)d (0 

* dis gradvB.d{«)r 


from (2‘7)» 
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V J, . 

* iJ<3iv(gradH*div gradH)^w~fJvH div gradHdw 

-i Jdiv(H gradvH)d,(o + ^ Jgrad H gradvHdo), 

from ordinary del-oaloulua, 

” i/n.grad H® div gradHdw-^JyHdiv gradHdw 

-JH.n.grad yH dw + ^^grad H. grad vHdw, 

, from (2’2), 

= JH/div gradHdw-yyHdiv gradHdw 

+ ijgrad H.gradyHdoj, 

from (2’63) and (2 •64), 

»4fH3d(o-2n-IvHdw~/HvHdw 

+ iJgradH grad yH dw + iJ (gi’ad E grad yH}dw, 

' ■ from (2 '2), 

“ 4yH^dw-SjH yHdw-ffJ'gradHgradyEdto. 

Therefore 

V « KIrH® - HyH + igrad H. grad yH}dw (space) (8*4) 

*= HyH + fgrad Hgrad yH}do) (surface), (8'6) 

by (2-68) to (2‘66). 


IV. 

Tho four Oonirokh, 

4ffr*’ = JgradH.dw 

« Bjn.Hdu), from (2’1). ( 4 - 1 ) 

2Mr' » 2|gradHdiv gradHdoj 

» -2y(gradHgrad)(gradH)dw '{-4JgradH(n. gradH)d«, 

from (2*4). 

lii is easily seen from the ordinary del-oaloulus that 

(gradHgrad) (gradH) « igradyH, ' " . 

where yH = grad H, gradH. 

This^ resplfc will bo repeatedly used in oourse of the oaloulations^’ 



Therefore, the above expression 

— - 5grad(vEL) dw + dJH gradHdw, from (2'f53), 

= ~yn.vHc7u) + 4j’n. do), from (2'1), 

= Jn.(4H2-vH)du) (space), (^’2) 

= y(3H2-vH)nda) (surface), from (2’5r)). (4:‘8) 

Sr'' ^^graclH. div(gradH.div gradH)dw 

— ijgrad H div grad vHdtu 

"* iJ(divgradH.gradHgrad)(gradH)dtu +ijgradll'*div gradHdw 

+ jJ(gEad gradH (n. grad vH) dw, 

from (2*4), 

« i J(grad H grad) (grad yH) dw + i^grad yH grad)(grad H)du) 

+ gradH®, div gradHdto-^JH grad yHdm, 

from (2’64) and ordinary dehoaloulua, 

-i Jj* grad (grad n.grad vH)doj-“i yH.gradyHdu) 

+ n grad Hdw, 

from ordinary del-oaloulut, 


n (gradH. grad yid) dto- n. HyHdu 
+ i; yH gradHdw-iteadH, grad)(grad H®)dt.) 

+ 15 grad Hdw, from (2*1), 
- iin.CgradHgrad yH)da;-|5nHyH gradHdw, 

from (2‘1) and ordinary del-oalouluB, 

« l|n(gradHgradyil)da>-f5nHvHdw 

+-^5nH®dw (space) (4*4) 

« -HyH + i grad H gradyH} n dw (surface), (4*fi) 

by (2*68) to (2*66), 


4Vr'" « 


I f grad H® div (grad di v grad H) du 

'>• ' grad B.® div grad y H dw 
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= •]: J (div grud H grad H grad) (grad H®) dw + J J grad div grad H do 

•l-^J(grad vHgrad) (grad H2)dw, froth (2-4), 
=5 J J H gr ad vH di v gr ad Hdu - ^ J (grad H . vH d i v gihd S) d w 

■ + } J* grad H® div grad.H d« + (grad vH grad) (grad H^) do, 

from ordinary del-oalculus, 

== iKgrad H grad)(H grad yH) do-^y grad yH do 

if (grad H grad) (grad H. yH)do - J Hgrad H.yHdo 
-t-H gradH®div gradHdw-l-H(Hgrad y Hgrad)(grad H)do 
+H grad H (grad H. grad yH)d6). 
Eemembering that if A and B are two vectors, then 
grad (A, B) «= Bxrot A-l*AxrotB*h(Bgrad)A+(Agrad)B, 
and combining suitably, the above expression reduces to 
if grad (grad H. H grad yH)do-~ij‘ grad H x (gradH x grad yH)dw 
- i f H 2 gra d ylddo + i f yH grad ylldw 
+ iJ gradH, (grad H grad yH)dw- gradH^ yHdw 
H grad H® div grad Hdw + 'grad H,(grad H grad yH)d« 

from ordinary deboalculus, 

« n (H grad H grad yH)dw - grad H x (grad H x grad yH)do 
-2^ n, yHdw + if n (yH.)^ dw + tf grndli(grad HgradyH) dw 
H- gradH® div grad Hdw, from (2*1) and ordinary del'oaloulua. 
But 

I J grad H*div grad Hdw 

sa; —Ij’(gradH’grad) (grad H®)dw*h'|J I-Igrad H®dw, from (2*4), 
w - H® grad yH dw ~ J grad H (grad H grad H®) do + BJ n H^ dw, 

from (2*1) and ordinary del-oaloulus 
w «-2|nH®yHdw-iJ gradH®, yHdw + 6 y nH^dw, 

Also remembering that Ax(BxO) = B(0 A) — 0(AB), 

4 



wehftve . 

- 1 f grad H x (grad H x grad vH) dw 
= g^cad H (grad V H* H) dw +li V H g^ad v H dw 
= i j grad H (grad vH. grad H) du + J j* n (vH)® dw, from (2 1 ), 

' Therefore 

4^l^ll := eynH^dw-H VHgrad H^dw + iJn (vH)’^dw 

‘ - 4J n H2 vH dw + H n (Hgrad Hgrad vH)dw 
+ grad H (grad H. grad vH)dw (space) (d'O) 

= UH+ - 2H2 vH + H (grad H. grad) (vH) + h (vH)®} n dw 
+ i|{(grad H grad) (vH)} grad Hdw (surface), (4 '7) 

_ by (2*68) to (2-66). 
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Equation de Laplace bans l’bspace a deux dimensioi^s. 

PAR 

S,. P. Slouguinopp 

Lg but du prdsent article est de donner une eaquiese de quelquefi- 
uns dea rdsultats touchant i\ I’^quation de Ijaplaoe dana I'eapaee 
euolidieu deux dimensions. Aveo oela nous faisous ootro devoir de 
donner h, Texpoad un oaraot^re ^Idmentaire, original et synthdtique 
possible. 

Equations aux (Urivdea parti elles dii second ovdre, 

Oonsid^rons I'dquatiou du second ordre lindaire en r, s, p, g, 

Ar + 2Ba + Ot- !?(«;, p, z, p, q) ~ 0, (1) 

dans luquelle A, B, 0 d^signenb dea fonotions queloonquea de » et p et 
p, g, r, 8, t Bont param^tres oonnue de Monge. 

L 'Equation (1) on peut ^orire ausai aoua la forme 

Ar + 2B8 + 0< + Dp + Eg + F;3 *= 0-, (P) 

ob A, B, 0, D, E, P, Q- d^signent dos fonotions de x et y seuls ; en 
partioulier, si Q = 0, I’dquation (10 on dit lindaire et homogfene. 

Qaraotdnstiquos, La notion de oavaoidristiquo a une grande impor- 
tance dans la olassifioabion des dquationa aux ddrivdes partiellea du 
second ordre, Pour obtenir I’dquation de oaraotdristiques nous 
voulons employer un tel moyen. Soient 

Ar + 2B8 + Of-P(a5, y, a, V,q) - 0, (a) 

rdz + ady-^dp *= 0 , (&) 

8dx’\rtdy-^dq — 0, ’ (o) 

L'dlimination des r ob s entre {a), (6) et (o) fournira 


t = 0. id) 



On safcisfera cette Equation en prenant 



^to 


- 0 . 


( 2 ) 


alora 


) + 2B ^-->^=0. 
\ d(c ax ax ax 


( 9 ) 


CeB Equations on pout ^crire et d’une telle mani^sre 

Ady^ -^Bdxdy^ Odx^ = 0 , 

et A{dqdy-rdpdx) — 23dqdx'i-'Bdx^ ~ 0, 


( 2 ') 

(30 


ou sous la form© dea ddtei’QQinante 


A 

2B 

0 

- 0, 

(2'0 

dx 

dy 

0 



0 

dx 

dy 



A 

2B 


= 0. ■ 

(8'0 

dx 

dy 

dp 



0 

dx 

dg 




Pournotre but il suffit de considdrer I'^quation (2). 

L^dquation diffdrenbiell© (2 ou 20 du premier ordre et du aecond 
degrd on appelle I’^quation diffdrentiolle des caraotdrisfciques. Cette 
Equation nous pouvons ddoompoaer on deux dquatiopB du premier 
ordre et du premier degr4, & a avoir 


A dy — B® — AO)daj = 0, (4) 

et Ady ~ (B-i/ B2--A0)da! «i= 0. (40 

Les deux derniferes Equations et nous dopnent les dpux fap:iilleB d© 
courbea oaraotdmtiques par 1 ’integration de oes Equations. Soient 


£ («!» y) = const., >/ (a;, y) » oonet,, (o) 

lea 4^ux intSgrales aioBi obtenuea. Bn ayant 6gard h, la relation (20i 
il eat aisd de voir que ^ et y satiafont iv I’dquation du premier ordre 


A 
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Maintenant nous oonstituerons la olassifioation suivante dea 
Equations difi^rentielleB : 

1) Si B2~AO> 0, rdquation (1) Qsb d\i iype hyperholique; 

2) Si B^-AO s= 0, I’dquation (1) eat du type para&oKgtie; 

8) Si B®>-A0<0, I’dquatioii (1) dBt d\i type elUptique, 


Dans le premier oas, lea deux families de caraotdristiques sent 
r^elles et diatinotes; dans lo deuxifeme pas, les caraotdristiques sent 
rdelles ot confondues et dans le dernier oas lea caraotdristiquea sent 
imaginairea. 

Bt final ement il faut prendre ^ et pour nouvelles variables si 
Ton veut ramener Tdquation (1) aux formes ca7ionique8. En rdsultat 
de nos transformations rdquation proposde so change on une nouvelle 
Equation de mfime forme 


A,||* + 2B.. 


0 2^ 




0^01/ 


4; 


d(t 

8»? 


= 0, (6) 


oh Aj 



0a! 


+ 2B 


0aj jy dy 



Bi = A 


00 ! 


0ai 



-I- 8^ 

dx dy dy dx 


dy 


dy' 


[ ( 7 ) 


0, =a(-|i)%2b(|^)(|2).o(|iJ. 

/ 

Equation du type elliptiquo, II ost Intdressant pour nous de 
oonsid^rer seulement lo oas troisifemo. En ce oas nous ayona les 
oaraotdristiquos imaginaires. Prenons ^ + *= X(a3, ^), b= 

y(ai, y). Si dans la relation {6) on pose X « / = on trouvera 


Aj ’-•Oi -1- 2B jt 0» 

Done Ai =s Oi, (8) et B^ « 0, (9) 


En ay ant dgard h oea formules, on ram6n6 I'dquation (0) ^ la 
forme oanonique 


02«, 




da _0«i'\ 

W 9.)/ 



( 10 ) 



0-2 


S. SLOXtaUINOFJ^ 


ot . On poui, 
Ofe or] 


’oil / eat la fonotion Unfair e par rapport aux 
91 Ton veub, ropr^senter l’6quatioa (10) sous la forme auivanto 


dif 6$ 6j/ 


0. 


Si I'ou po 3 o daQB cotto (Squation a~b=^o~g = Q, on obtiendra 


(lOo 


( 11 ) 


L ’Equation (11) oonnue aou3 la nom do I’dquation de Laplaoc. 
Cette Equation a une graudo imporbanoa an Analyse eb en Physique 
mabhdmabique. Comma on voit, ella est la oas partioulior dea 
Equations du bype elliptique (B.Pioard, Leqona sur quolqu. typ. simpl. 
d* (Squab, aux ddriv. part., 1927. E.Goursat. Oours d’Anal raathdm., 
t.m, 1927., L.Bieborbaoh, Differential-gleiohungen, 192G). 


Oonditions de Oauohy-Riomann ot dqmtion do Laplace. 

Soib w = /(«) une fonotion continue uniforme de la variable 
complexe ts ddBuia dans un domaine D. On peut dorire 

lU ss /(») «= /(t» + l/t) = P-hQi, (^0 

oh P at Q aont des fonobions r dalles oonbinues do daux variables 
r(Solles xQ^y. Ghorohona dans quels oas la ddriv(So oat oompltSbo- 
ment detdraiinde et ne ddpend quo du point queloonque M. 

On a 


{ln) s= ^^dx + ^^dy + i ( ^ daj-h dy 
8a; dy y6a; Qy ^ 

« ()' os £ + i sn S), 


d'oh 


~-daj + ~^di/ = roB^, 

005 oy 


^dx+^dy 
dx dv. 


rsn^. 


En outre 


du s= dx'^'idy = p(os ^4-i8n^), 
d’oh dx = pcs dy = psn i/». 

Soit maintenont { — yjf + 6. 


(t) 

ii) 

ih). 

H) 

(tn) 


EQUATION DE LAPLAOE DANS l’eSPAQB A DEUX DIMENSIONS 93 


Alors 

0P 


ap 


pcQxjj psnV' = roB{\}i + B) 


= roB^cs 0 - vsnypanB, 


-9- pcB if/ -h if/ = rBii(yf/ + B) 


TBnifioBO + roBif/snO. 


De on peut conolo e quo 


. 


(n) 


0P 

= CB0, 

- = I. 

0 X 

P 

d y p ® 

0Q 

= -- 8n0, 

>| q > 

II 

003 

P 

01/ p 


( 12 ) 


(18) 


CeB derni^roa formules nous donnent enfin 

^ ^ dQ_ ap ^ „ 8Q 

a» 01/' 01/ 003* 

Lea relations (18) ob l‘on so nomme cojiditions do Gauohy>Riemann, 
Les formules (12) donnenfc de mdmo 


8P 8P |.0Q 8Q 
0» ’ 01/ 003 * 0'i/ 


0 M M 4 . iL - A . '' 

0 0) ' 0 a! 0 1/ ’ 0 1/ ' 






(14) 


On Bait que pour tout system o de fonotions P eb Q verifiant les 
oonditiona de O.-R., la oontinuitd d.os dorivdes du premier ordre 
entraino Pexistenco et la continuity dQsdyrivdes d’un ordre queloonque, 
Maintenanb en diffyrentiont la premi6re des relations (18) par 
rapport K 03 , la aeconde par rapport A y ob en ajoutant les deux 
relations obtenuos, on aura 


AP « 

+. 

0052 

9”^ = 0 . 
df • 

(16) 

On trouve de m^me 




AQ = 

a^Q . 

=.0 
dy'^ ' 

(16) 



Los fonotions P efa Q eatiefont ainsi h, I'^quatiou de la forme 


AU = 




a»u 

0y2 


= 0 . 


( 17 ) 


On appelle foncbion U (aj, y), qui satisfaifc ii 1 'Equation (17) , fonction 
harinonique ou aussi fanclainentale (H, Bouasse, Oours do matM* 
mabiques gdridrales, 1927). 


Gonclitions de BeUTami^Bernstein ei dq'itation de 
Laplace sur la surface, 

Px^enona lee relations (8) et (9), cTest-h-dire 


a(M, 

dx 


+ 2B 


aiY-Si-Uo -P 


dx \ Qy 


dy 





+ 0 



(18) 


A 


9 X 


dn . ag dy dn 
9® ^ 0a! 9^^ dy 9® 


+ 0 


9 ^? ^ 0 

dy dy 


( 10 ) 


Les conditions (18) et (19) donnent la possibilitd de raoaonor 
PdquaUon (1) ^ la form^ canonique (10), si I'on introduib deux 
nouvelloB variables ^ et tj la place de a: et j/ dans I’^quation propoade. 
Gette canonisation eat ainsi dquivaleiite b, la repi/^senbation conform e 
d’une surface S sur un plan. L'expression du oarrd de I'dl^ment 
d'aro sur cette surface sera 

d8» = Cdx^-^2Bdxdy-\-AdyK (20) 

Bn r^BOlvant les Equations (18) et (19) par rapport et , 

035 01 / 

on tire euooessivement 
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A B 




•hO 



-2B 






.f-OIA-l'/ +B 

0 a; 


07 / 




H- 2B 


07 ? 
0 a: 07 / 




0 7 / 

a,r 





En Bimplifiant oetto 6g»vlit^, il viont 

\^vj \ Q'*' ^11 


d’oti 


Eli par suite 


SJ = J. 
Bi/ 


VAO-li» ■ 


91 

0iK 


1 ) 9 i 

6x dll 

VA()-X3« 


(/^) 


{'/) 


(til) 




Lob relatione (21) eb (22) on pout nppollor oonditione ih^ Bdirami* 
BcMBieln, Oes oouclitiona sont la gdurtmlietibina du nyalftnio (IH). 
L’expresaion ^ + n/ peub 6tro oonfliddrdo oommo uno fonutlon du point 
(aj, 1/) Bur la eurfaoe S. 

La condition d’intdgrabilltd do la diftdnmtiollo totnlo do la Xonobion 

9 . .. 0 “^. 


^ de deux variabloB 
rdquation ohoroh^e 


X ot y, li Btivoir 


dxQij dydx 


noua donnara 



'’‘U- 


v/ACL'P 



SM 0, 


(20) 


5 


Jj’6quatioii (28) eat aur la surface S I’analogu© dejl'^quabion de 
l aplace sur le plan, Ceite Equation on peui appeler VdQUdtion de 
Beltvatni’BeTnstoin. Analoguement nous aurions 6crit 1 'Equation 
aeconde de Beltrami- Bernstein poor la fonotion 

II est facile de voirque I'^quafcion de Bernstein et oello de Beltrami 
Pont on essence identiquea. A cob offet il ne suilit quo decomparer 
cea Equations et lea deux formes quadratiquos binairoa. 

II est int^ressanfa aussi de remarquer quo lea relations (14) aont lee 
cas partiouliers des relations (19) (15 Picardi Traitd d* Analyse, t. II, i 
p. 8-9, 1905, S. Bernstein, La Thtse. en rusae, L’dtude et I’intdgra' 
tion doa Equations aux d^rivdes parti el les du type elliptique, pp. 
118-115,1908).' 

UJqwtion tensorielle de Laplace, 

D^finUions, Soit un veoteur da dans I’espace euolidien fi n dimon- 
sions a la forme suivante 

ds S 6 1 d®* S3 0* dxi, (24) 

* < . 

ob 0( et 0* aont reapectivement n vecteuvs jond(i7}ioiii(iux lindairement 
inddpendnnts dans chaque aystfeme. 

En prenanb mainbenant leproduib soalaire »d^un veoteur de par lui- 
mdme on obtient 

dfl® « 15 d(k d®*d®*’ “ 15 g**dxidx)tf '(26) 

ik (k 

oh , ^ 9ki ^ W 

et ^ 9*’^ = 6^0*. (27) 

De plus, on a , 

0*6^ Sjt, (28), 5|7i*3** ** 8{, f(29) 

k 

oil le Bvnribole 

! 1 pour r s= 8, 

, ■ 

0 r t «, 

Aux grandeurs et £f*^ on donne parfois le nom de tenaeura 
, fondamentaux : gtti est le tenseur oovariani et 3*'^ 'eat le ’tensewr 
oon^rfl-uarmnt. Lea .grandeurs fif < et fii * sonb les conaposants d© deux 
tenseurs Bymdtriquea Q’,, et (iTj,)"!, k savoir 

T, (80), ■ ■ (T,)-> 


( 31 ) 
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Dans cea formules au liou de symbole II II pour la signification de 
la matricQ on peut aussi employer le symbole ( ). , 

Bn appelant g le determinant des jjfi * et Gf ** le mineur de g relatif 
au terme gf < on obtiendra les relations suivantes 


»=|!7<»I (82), l=|s'‘l, 

y 

f/<* =: ^ 9g . 

9 ^9 ^9ik 

ioi g ~ =/0<(^ 

(t> eat 1 g volume du pai’alldldpipklo coordonnd). 


. (33) 

(34) 

(36) 


Enfin on dorira encore une formule, sayoir 



9{c<9a* 

(86) 

ot» 

v = Ss' 

i OX( 

(87) 


Si les axes ooordonndea aont reotangulairos, le Laplaoien eat 
V® sa ^ STra » 

1) 


oar 


* 


pourt-/c, 

O) 

Extrdmds dea inUgralea doubUa, 

On oherohe le maximum ot le minimum de I’lntdgrale double 


I 



]?(»’•. y, w. «,i-. ^h) 


(380 


dtendue un domaino ddtermind D. Dans la formule (88), B eat upe 
fonotioQ donnde, continue ainsi quo ses deriv^os partielles des divers ordres 
et w estune function de d'oux variables ind^pondanbes x, y. Enfin 
les grandeurs otn^, sont respeotiyement les dddv^es prises par 
rapport h a; et y. Soit encore Su^O sur le bord du domaine D. En 
vertu de no^s conditions, nous aurons v ■ 


ou ausai 


81 




u 8 «+x 5 -?^*H-y 


on poeant, poui* abr^gor, 

aF 


0 W 


= U, 


do; 


8 F 

du^ 


dy 


dxdy, 


(40) 


= X, 


8 F 

6^1 


y. 


lai^gi’aat par paffcies aous le aigpa dMalidgrabion ot observant queSu 
s'nnmilo par hypothfeae aur le bord du domaino D, on obfciendra 


51 = 


fl 


U 


ax aY 


dw 0 ?/ J 


dxdy. 


( 41 ) 


Comme la variation 8ii esb arbitrairo dans tout lo domaine d'intdgrn- 
tiou, on trouvera de la relation (41) I’dqunbion d'Eulor, savoir 


tJ- 

a® dy 


(42) 


L'4quation (42) on pout dorire d’une tollo faqon 




(40) 


L'expreBaion [F] „ on peut appoler, selon Hilbert, " la d4riv4o de la 
variation " (varlationsableitung), savoir de F par rapport t\ «. Oetto 
d4rivdo joue le mfioae r61e dans lo oaloul des variations qua la ddrivdo 
ordinaire dans la tli4orie des maxima eb des minima. 

Transformation do variables. Si Ton pose maintenant 

** »/). 1 / == y{^, »|). (r) 


on trouvera 



w, w,, «,) = ci> tj, w, w^), 



'Fdxdy =3 
[F] ^udxdy = 





1 


9(t»> V) 

a(^. y) 


d^dt], 



9 (!». y) 


8 w d^dt} j 


( 8 ) 

(t) 

(44) 



RQtlATION DB UPLAOK DANS Ti‘KBPA01ii A DDUX DIMENSIONS OO 
d’oti il Buit 


oar 



a(it', y) 9(^, >}) 



Q(i«, v) 


(Irdy, 


(45) 


et de plu8 on suppoflo quo le ohump (I’intogrution Boifc invftriabloi 
o**4,*d. 


La formule {4fi) jouo un r61o ira port ant dans la quoation do la 
transformation de variabloB, 


Tramjormaiion do Voa’.presaion Au. Soit 




(u) 

et 

a! « 05(^1, ^a), y « ^a). 

(«') 

On a 

dv^ = > 

(«) 


ob 


Oik 


dx 0» 0y 8y 
Wi'^^k' ■ 


(ty) 


I! osfc ais^ do voir quo 


0 


0aj ^ 

Wl 9^2 ’ 

9y 9i/ 

9^1 9^0 


(111 l/ia 
f/sii f/aa 


(®) 


II n'ost paa dilftoilo do caloulor auasi I'oxproaalon 3iln olTot 



\ 

Mij * 

iy) 

ob 

« -Ml. .Ml 4. Mi . 

r Qx dx 9y 



dy ' 

ot 

« 8(' : 

! 

(«0 


loi le symbole a lo sens prdbddent, 



Or 


_9(^yL ^ jn 


Par consequent la relation (46) nous donnera 


..-■i.;/'- -Att; = 

On en ccmolura 
1 


2Vi7 


^<7 5 

ik 


(A) 

(33) 

(46) 


-Att 


2Vs L 

Am s= - ■ }' 7=^ 


2V^ 9^1 
. 1 9 


2\^5f 9^2 


V? (<7^^ «i®+2j7^**«iM2+3®W) 
h/g (2sfii Ml +2gii3ua) 

Vj? (25f2*Mi+2^®^«2) 


J w 


Am s= 


1 S 


Vff-’ 9^, 1 




+ 


1 0 


\lg 9^2 


V5 ^ 

k 




k 


(47) 


*/g < 9^< 

Cette demifeire formyle peut s'darire sotnmairement d'uno tello maniSre 
- 1 9 


Am = 


Wg 


V'p, 9^V 

Tel est I'operateur de Laplace oherohd. 

Par suite Inequation, de Laplaoe tensorielle a la forme suivauto 


(48) 


Am = 


1 0 r y - *<* 


p/*Mj] = 0, 


Vp 0^< ■ 

Bxemplea. 1, Goovdon6es oarUsleimes, On a 


(40) 


(i!0) 
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o'esfc-k'dire, 

1/22 = 1 . !;,2 = 0 , = 1 , 

j''= = 0. g = l. 

Par suite, rdquation (49) prendra la forme 

Soionfc maintenant 



X ~ a^X]+{S-iX 2 , 1/ - a2®l+^,2»2), 


left forniules de transform afcioQ. Soient en, outre dans cos formulas 
aosa = aj, asna =: ttg, 6c8{a + ^) = Pit • 

Et puis tga «: — ^ tg(a-}*^) « 


II Qst fadile de voir que 


tg? = “-4^^. 

(i\Pl + OgPa 

■ . r(0) 

of, ««!• = + °'g.Lt;5lg2^ . . 

^ - Vai^ + a/.^^T+W 

(CO 

^ Si I’on pose, pour abrdger, 


0® >=s aj/3i + a2^3i 

(D) 

on obbiendra 


dfi® s= a2da;^ + b®da;| + 2o®*d{K^daja. 

(62) 

®n vertu de la formula (O') inous avons aussi 


02 =3 of)08^. 

(B) 


' Les tonseiu’s fondamentaux en notro cas seronfc telles 



1 J722 ~ 

!/i2 = 1/21 = 0* = aboFj j 

»« 

! 1 

„22 = «! - 1 , 

81 — 

1 /!» 1 sa 2 SS5 

^ <J 

1 08^ 
o6 * ’ 

)=3 

9\\ f/l2 

ss *= ft * 6 ® Bn®{^, 


921 



Par oonsdquent la relation (49) prendra la forme 


Aii — 

ou finaiement 
1 • 


62 


5 

6®^ 


- 2o® 




0®i 0032 


+ a- 


0 

0j»i 


= 0, 


Alt = 




1 0 hi __ 2 c 3^ a ^ 0 2tt 

0 2 Wx\ ah 0a;i0ir2 dxl 


0 . 


2. GooTdon6eB polaiVe*. On salt que 

dr^ + rHl^. 

On a succcBBivement 

9it 1/22 “ 9^2 - 0, p ~ r** ; 

gU^Mx^l, <,aa = ?n_ pia = 0. 

9 9 

D’apt^a formula (49) nous pouvons dorire 


Aw = 


Vgf 0’’ 

1 a 




' iSl a. /i23.9w 




En vertu des relations (Q) nous aurona 


65 


0 , 


Aw 


ou ausBi 


1 0 ( 18u 

r 01 ' I 0r 1 r 0^ \ 9^ 


A., _ , 1 0w , 1 a^w 

AU = = 0 


ar®' 


0r 


Tolle est Pdquation de Laplace en coordonndes polaires, 
La rdsohition do Vdqmlion de Laplace. 
Oonsiddrons rdquation (15), 

0% 6% ^ 0 


( 68 ) 


(64) 


(F) 


(Q) 


( 66 ) 

( 60 ) 

( 67 ) 


Soient 


*j s= maj+ny, yi = wtjx+rtiy. 
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II est facile d’obtenir 


.§15 ss (w-^ + Wi 


= (n^+n,^ w. (H) 


daj^ \ aoji' ^dyij Wy^ ajci '61/1/ 

De lit on volt que la nouvelle Equation conserverait la m6me forme 
que la premiere, si I’on posait 

7»,2'I-w 5» = wf-l-n? =a 1, imn]+nni « 0. (I) 

Or on pout aussi poser 

+ ss mf + «-f *=.0 , (J) 

on prenanfc, par exemplo, = 1, n s* nj «, —i, (JO 

Un OQ oaa l’6quation do Laplace tranaform^e prendra la forme 


On on oouolufc 


Par suite 


0(Ci0pi 

dxidiJi 01/i\a»iy 

It = J /(a)i)d{ri-f*FQ(?yi). 


Kt enfln 

w = Fi(a;i) + F2(|/,) « Fi(a! + ?|/) + F5i(a:-ti/), .(69) 

Lrt mif thode BpnboliQuo, On a I'^quation 



dStiS laquoUe nouB supposons Aj, Aj oQti^tants, -i; , 

Octte Equation, com me on salt, on peut repr^senior s^bdbbljijlii^- 

inoDi), h savoir " ’ . ' 

(D8 4'AiDD,+Aal:)?)«! - 0. (K'l 

En ddoomposanli la preral^fo partio de I'^galiW (KOf on; .obtjjjndlja 

(D-miDO (D^fil-sjDO « ~ 0, . 

oil Wj et wa aont les raolnes do P^quabion oaraotdrisbiqne, , , 

w^ + AjtH + Ag = 0,. ..... ' 


6 



fl0i4 8. P, . SLpITG'giNpFF 

On a, par example, 


/ ,, ^ (7f = l, 2).^ 

En poBant," pour aljri^ger, myD'—K on peut ficrire 

m 

■ = 0, 

, (MO 

d'oii nous trouvons 

^ ■ ■ ■■ 

(N) 

Soit maintenanti 0 alors 


.... .a...: 

Uiy) Uiv) = 

(NO 

,, Eneflet 


/(*+fc) = (l + fcD, + + ■••)/(®)= 

fix). (0) 

11 est faoile de voir quo " 


/(y+M = «'“'“'/(!/)• 

(P) 

Ainsi rinfc^grale gdu^rale de (K) prend la forme 



. (Q) 

: X"' ■ • . , . > • • . 

Prenons de nbuveau l 'Equation ' ■ 


(D2 + D'2j :^'0. • • 

(60) 

On a ^ {D/d=l^(B/-iD) T— 0; . — 

Dono, par example »- (O' + iD)«^s!i.O, ; /ou : q ■+ ip « Qi ,; ; . J.ob, 

Equations 


_9aijpniqueB sqrojqt , 

.... ^ ... ... ,. ; ^ 


daj _ dp _ ^ 

7‘V\ 

\ ^iu ■ 

. J .. ■ '.,1 ; O,.-'.. 

.li'f 6tilou-tmuv67 • 

■ V', »..i= 0^) rXr^yi^ !=s 

!ii?e^tj-&'dire, 

■ ■■ «^s=-,/i(«tri/t). . 


Par suite riuWgrale ggnSrale de; (60) prendrala iorm* 
^ fi{x- yiy^ ^ /a (a: ± yil, - v • 


ftQtJATION DB tiAPLAOErDANSj ii’BSPAQt! A-. DEtJX DIMENSIONS ^ 


Oonsid^rous enfin, io 

ens dea raoines Agales. On a 

rAquation,;8ym* 

bolique 

(D-i-mD0% = 0., . , , 

5..r(oy,i 

Posona 

(D + mD')« ~' u. 

^ ' '(Bf 

. .. . •:> /'■■'I 

Done 

(Dh-wDOw = 0, 

(S) 

II suit do It. 

~ f{y~tnx), 


Par consequent. 

{D + mD>)z — f{y~'mx), 

(TOi 

ou 

p + mq = f{y'^inx). 

• (T'O 


Le ayat^me des Equations oanoniques eat 

^ _ dy _ (Iz ! . 'irj\‘ 

1 in f{y-wx) ’ 

d'oii on trouve 

y-iiix ~ Cj, z-xf{ii-mx) O^. . 

Par suite rinUgmle g<)Ddrulo de I’^quabiou (61) aeru 

^ f\{y-'inx)‘\'xf{y-~inx), (X) 

(Hr, Couranb u. D. Hilbert, Method, der mafchem. Physili, I, 1924. 
E, Madelung, Die mabhem. Hilfamibbel des Phyaik., 1926. A, 
Forsyth, Lelirbuoh dor Difforentialgleioh,, 1889, H. Piaggio, An 
elementary treatise on diHeivnt. oquab., brad., en rusae, 1988. H, 
Malet, Expose dldment. du oaloul veotoriel, 1027). 

L* Equation biharmonique, 

En oonelueion du present arbiole considdrona encore une Equation 
qul joue un r61e important dans la thdorle d'dlaBtioitfi. Cette dque* 
tion a la tormo guivanto 


AAv = 


o 6 -^u 

dy^ di/'^ 


= 0, 


(62) 


L ’Equation dornifere on pent dorire encore symboliqueinent d'uno 
telle manike 


{D^+2D»D/a+DH)tiL« (D2+D'2)»v:« 0. 


(68) 



• C ■' "s. P. SLOtjaTHNOiyP 

L'fequation (62) ou (68) on appelle oi‘dinairoinont Vdquation bihar- 
momgueet son resolution on se dib h fonotion biharmonique. lUest 
aise de resoudre requation propGsde. En ofleb I’dquution caraoteristique 
(t«-® + l)® = 0 a les raoines Wi = ^H 2 = i, — — —i, Par conse- 

quent I'integrale genfirale de notro equation a la forme suivanto ‘ 

’U=fj(x + yi) + y /a(® + 1/0 + /a (® “ 1/0 + l/Zi " 1/0 • 

' La notion hdTtnoniquG ou fondaviontale on pout generaliser qnobre 
p|pB loin. 

En effet on pout former lea equations suivantos 

(D® + D'®)% = 0, (D®-l'D^^)‘^it = 0, eto. ^65) 

Oes equations on peut rdsoudre au moyen do notre method e 
Byrpbolique* 


UmvERBiTO DK Perm, 
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On Some Simpee Bistiubetions Oe Stress In Three; 

Dimensions 

BY 

S, Ghosh 

1. The equations of equilibrium of an isotropic olastio solid 
under no body foroes, when referred to polar oo-ordinates, are* 


(A + 2/.) shid|f - (rco^ 81110) « 0. 




(AT 2 / 1 ) r sin 0-^ - 

0 /„,. /1\ 1 0 


A. 

00 


„ 0t»>g (. J-, 0 

8M ’ 


wheref 


1 


^ “ -i4nr|Tf ® 

and 




2(0, 


— ...S (ru^ sin 0) 


2w^ > 


r8m0 I 00 6r 


ij I? 


(i) 


( 8 ) 


being the displaoompnts in polar coordinates at the 
point r» 0, 0* 


LovAi Tbsoiry bf Elasiioity (4th edi)» ^41. 

f XiOYe, lb#, brt,» 60 , » ' 



108 


S. QHOSti[ 


Assuming u,M Wj. to be inversely proportional to r, Miohell* 
has obtained the solutions of the equations (l)i and has utilised them 
for the determination of the distribution of stress in a cone subjooted 
to the action of a force at the vertex. In the present paper, I have 
obtained certain solutions of the equations (1), on the assumption 
ttai) the displacement is inversely proportional to and with tho’ 
help of these solutions, I have determined the distri- 
bution of stress in a cone to which a couple is applied at the 
vertex. 


2. We know that the radial components of the displacement and 
rotation and the dilatation satisfy the equationst 


0A 


: V®A=0, V^O’Or) - 0,. 




Let u6 now assume that 






“e — — “0“' lU 


where F^, ^ 2 * are functions of 6 alone. 
From (2), (3) and (6), we get 


A « 


F(0) 


, 2(0,. 


ne) 


where . 


F((9)Bin^ = ^ (Fg Bin6>). 


tmn e = (Fs 


Kow, BinOe 


we must have 


BO that 


0 , 


V* 


i f 


.= 0 . 


m PM + mM. 


(4) 


(s) 


(Q) 


(7) 


* Picxs. Lond. Math, poo,, 82 (19(W), Sfl, 
t Ijovb, Ifltf. eft., 141. - .V. ... ’ , . r 


distributions of stress in three dimensions 109 


whGi'eP) and Qi are Legendre’s functions of degree 1, of the first 
and the second kinds respectively, and /x' « cos 0. 

But as ’ 

Pi(/iO “ /*' and log 

we have on putting /x^ ~ cos 

f($) — A'con‘0 + B'{cob 0 log bot-^ ~ 1}, 

and if wo want only those integrals which are regular on the axis d^O, 
we bake B' - 0, so that 

f{0) ^ A' cos 0> - (8) 


Substituting in the second equation of (7), and integrating, we find 

Fssin 6 « —iA/ oos*^ 0 + 0'. '• 

Now since and therefore 3? 3 are regular on the axis 0 = 0, we 

must take 0' = i^A', so that 

Fa =» 'JA'sin 0, (9) 


To find F2, we observe that. A sobisfles the second equation 
of (4), and as 

A = ifim.- 

we must have, if wo consider only the solution ■ regular on the 
axis 0 — 0, 

F(0) = APaM 

where Pg is Legendre’s function of the first kind of degree 2. 

Substituting this value of F(0) in the first e.quation of (7), and 
intergrating wo fip.d 

Fg sin 0 “ Aoob^0 + ^Aooa 0 +'0, .; 


and since 1® regular on the axis 0 = 0, wo take 0 = 0, so that 

Pa = iAsin0coB0, V : . : .;.(1Q) 


To determine Pi* we substitute the value of from (6), in the 
first equation of (4), which becomes after substitution of the value of 
A and simplification, ; 


1 a 

^ sin 0 p 0 


sin 0 


dPj 

.9^ 


P(0), 


in) 


■ ' s. aflofiH 

afid as F{0) satisfies the ec[uabion, 


1 a,, I 

sin B dB 


sin. &• 


aF 

dB 


1+ 6F mO, 


we see that a paftloulai* integral of (11) is 

_ Fi(0) = ~ F(d). 

To this, we must add the solution of the equation 


_i 0„ 

sin 5 dB 


ain B 


aF, 


dB 


0. 


which is 


Fi = D log tan “ + B. 


Hence, if we take Fi((?) to be regular orr the axis ~0, wo have 


Fi(^) = ^ 5^:^ F(0) + B 


= - §^1^ AooB^tf + W, 
4fK 


( 12 ) 


where E' is a new constant, 
Therefore* we have 


tt- s= 


AcOB^fi + wi, 
4/* 


^ sill & dod 0i 


. 


(18) 








Now, as the solution (18) is obtained from (4) and as some solu* 
tihils of (4) correspond with StiJaSsda that require body foroos for their 
pamtenanoe,* therefore, we paust verify that the solution (10) 
EWtUaily sat, 18068 (1). 

Calculating A, Wr i ^0, from (2), (0) and (18) and substituting 
in (1), we find that the equations (1) are identically satisfied. 


* Miohell, Froe. Iwnd, Math. Soo^, 8S (1900), 34, 
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8, Let US ossume 

«, = FaM, (14) 

7 ^ 7 . 


whore Fj, Fg, Fg are funotions of 0 alono, Tlien wo have from (2) 
and (8), 

A = -2£»jL F(«), 2»,= 1 ( 0 ), 

r” }' 

where 


(Ifi) 


F(,^>) sin 6 i=! -^'(Fa sin 6) + Fj^, 


j{$) sin 0 


d 


do 


(Fa sin 6) -t- F^. 


(10) 


Now from (1) and (1C)) wo get 


V» 


F(d) 


« 0 , 


Bin 


^1(0) 


0 . 


The solutions of those equations regular on fclio axia d ** 0, are 
respootively, . 

F (^) » A pi (/V ), /(d) « B pi iix'), 

where fx' » cos d and pi are assoolated Logondro'a funotions of 
the first kind of order 1 and degroos 1 nnd 2 respootivoly. They are 
given by 

4 4 

pi (fxi) =, (1-./I/3)’ « (l-iw'«) «« sin d, 


4 n 

pi in>) « (l-/^/2) 8/x/ (1-/^^^)^ * Bsindcoad. 

Henoe 

F (d) a* 9A Bind ooad, /(d) « B sin d, 

On substitution from (17) , the equations (16) beoome 

-^(Fg sin d) + F 3 « BAsin^id oos 0 , 

(Fa Bin d) + Fa « Bain’d. 

7 


* 


(17) 


( 18 ) 


n2 ■ — 8, GHOBH 

The elimination of P'g between these two equations gives 


- 1 8 
Bin ^ 00 


ain0-^ (Fg sin $) 


= 8(B-A)8in0 OOS0 

Bin® 9 

(B-A) (cob 0). (1^) 


- . , Comparing this with the equation satisfied by Pi (cos 0)» the 
equation 

' ' ' 

Bin^0 j 


1 9 -^\y -0, 


Bm0 h 9 " 00 

it is obvious that a partioular integral of (19) is 


(20) 


Fa sin 0 ~ PJ (cos 0)=* - i(B-A)Bm 0 cob0. 


To this we must add the solution of 


Bin 


00 


sin 0 -^^^{FaBin 0) 
o 0 


- Fgsin 0 « 0, 


or 


where 


< = 


(Pg sin 0) - Fg sin 0 »* 0, 


i 


d9 , , 0 

50 “ r' 


The solution is 

F3sin0 S3 Q- e' + H a”* 

»*» Q tan ~+ H cot • 

Omitting the berm in H, sinoe we are seeking only those Bolutions 
regular the axis 0>aO, we get as a solution of (19), 

FgBm0'= - iJ(B -A) sin 0 008 0 + G tan 

2 

so that Fg =5 ’-i(B-A}oo30 + ^G sec? •4‘* (21) 

f, .,Th6 second equation of (18), then gives 

=• i(S“A) + A, sm?0~ii Q:S|^o2 .^,, 


(32) 
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'To obtain 'F i, wq substitute from (14) and (16) in the lirfit equation 
of (4) and we have 

1^ _a_ 8 V JV- « F (^)* (3B) 

Bin^ 80 \ 80 y 

Remembering that F satisfies the equation (20), wo have an a 
portioular integral of (23), 


F 


« ~ ?:^±&F(0) 

* (ifX 


ABin0 coa 0, 

2^ 


on substitution from (17). 

To this we must add the solution of 


1 

— ( 

sin 0 

80\ 


sin 9 


8FiV F 


80 


sin^ 0 


which is regular on the axis 0 0, and this solution lias' ttlraady 


been found to be tan — . 


Hen 06 


F, A alnfl oosO + P taali 




Therefore we have 






Asin 0 ooH 0 4* Ptan-~ 

2ju 2 

0 + A sin* 0.*^ IGsoo^'^ 


OOB0 




'* u 


^ 0 008 0 4- JQbOO®' 


sin 0 ^ . 


(26) 


t 

where! 0 is put for i(B-- A). 

Calculating A, w,., w , from (26) and . subatltutlng in tho 
equation (1), we find that they' are- idehtio'ally satisfied, if G »« Pt 



XU 


i* Ip 


8, GHOSH 

00,- ordinates, the components of strain are given 


A 

« 0«.' 

— A M ^ 

= i + 

a,. 


^rr 

dr 


r 60 



A 

- 1 

0tt 0 

4" cot ^ 

+ JitL 



r sin 0 

00 

r 

r 

1 

s ^ 

“ -f- 

6m0 

ii f>rtf- /} ^ U- 

1 




00 

0 y rsin0 

00 

A 

1, 

0u,. 

0«0 

1(0 


V 

r sin 

0 00 

■ " ' 

r ' 


*r# 

_ OWfl 

6r 



r 

1 du,, 
r 00 ' 




(26) 


Further, we have the stress-strain relations 

rr ~ AA + $0 » AA + 2^ 0^^, 

■ «.AA + 2/^0 /S « 


fx e 


0r‘ 


(27) 


The direotion-00 sines of the directions of v, 0 are respectively 
(sin? oof^, sin^i sin^, cps0), (opsS cps^, ppsd sin^, — sin^), 

(- sin0, 0080, 0), 

Now, if we take the body to be a cone bounded by ds¥»a, and il 
X, Y, Z, L, M, Nf be the components of the resultant ti* notion aoross 
the portion of- & Bmall sphere r, l;)p,unded by the cone, the centre 
of the sphere being at the vertex of the cone, we have 




( n. sine 0980+ r&, cost? oog0-»-r0l ein 0),rt a)n^d^d0, 


Y * J cp8ft.sin0.+^0 po|0)r^ aiji0d^d0 j 

^ ^ sin0dfid0, 


y (28a) 
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M: 


L » -'tO* rsiD0 — 

K.JJS. 


oo80,j'oo8 $)v^ B\u0d6d(j)\ 
"0, rco 80 - ?‘^sin0.roo8 <?)r® BmOdOdtf), 


r<p, r 8ln<?. r® BinOdddf, 


(28&) 


the limits of $ being 0 and a and those of <{>, 0 oud 2n-, • 

6, Let US now oonsidef the aol^bio^ (18), Substituting in (26), 
we get 

“”■ = 2E'|, 

’•» “ + E' - 1 a|, 

V“ “ 

®r* “ 8 inS 008 ^. 


Hence 


re 


^ - \k- 


$$ ss - i ix Aoo&^O - i (\4-2/x) A + 2/^B' 


1 

rs 


- |■/AAooB»^ - 4AA + 2 mE/ 
8 ixA' , 


0, <pv W - ^ 
r$ .w .^sind oosd, 


,( 29 ) 



UR ^ i j r . ■g. (jriosfl 


If the boundary of the cone be free from traobions, : ■ 

= 0^ =5 0, when 0 « a, 

which gives A = 0, E' = 0. • 

Putting A = 0, E' — 0, in (29) and then substituting in (28a) 

ond (281)),. we get 

X = Y = Z *= L « M = 0, ] 

[ (80) 

N = - 7r/xA'(l - 00Ba)(l ~ oosa sinM. J 
so that A' is determined when N is given. 


Therefore 


Ur"® ~ 


A> sinfl 

2ra ’ 


(81) 


where AMs given by .the last equation of (80), solves the' problem of 
a oone subjected to the action of a couple N ut the vertex, about the 
axis of the oone, ' 

In this case 

rr « 0, 69 = 0, « 6, '*' * - 


r0 = 0, 00 S5S 0, fpT — 


8AA' 

2)^ 


sin 0, 


6, Lot us next oonsider the solution (26)^ Substituting in (26), 
we get -- 


rr 




A sin 0 COB 0-2P tan 
i i« . 2 r» 

r " ■■■■'■ ■ • ■ ■" ■■ 

fi .. Asin 0 COS 0 + ^P— JGseo®-^^ 

I , , ! " ; ■ 

l| Asin 0 cos 0 + ^P+^G Bed2-^j tan 


%0 U 2ju 


- Asin 0 + G sec® tan 


sin 
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A oos 0 + 30 COB 0~{|p + p) seoS^I^. ' 


^ tSSK ■ 

1>r j 2/x 


2 r3 


'"tO 

Henoo 


■ A oos 20 + (^P + §a) Bao^l |°21 


rr » I (9A, + lO/i)Asin0oo80~4/iPfcan 1 
6$ :=;*|~ABin0oO80 + ^2P-GBeo2 jtanl|^, 
(p(l> «/i I - 8ABin0 008 $ + ^2P + Geeo® tan ~ | 


'/i -I — Asm0 + QB0O® ~tan^^ * 


2 '^'^“2 n^' 


« ft] ^■^^~AooB0 + 8OooB0-“(iP + ^G)seo®'-| ;. 


2 t r 


^0 «/i|~3O-|A-5^^AooB20 + (^P+|G) Beo8 

If tlio surface . of tho cone be free from tractions, we have, 
when 0 sa o, 

. r$ feS 00 » [$<P =0, 

Hence, remembering that G = P, wo get 

— 80 — |A— ■^~i-^AcoB2a + 2P8eo®~ « 0, 

2/t 2 


•ABinaoosa+ p(2-?seo2~ tanj- « 0, 
\ : 2 / 2 


-ABina + Pseo® — tan « 0, 



itom which we get 

G = P « SAoos^l- , 

A 

0 = (-i- 008 2a+i 008<> 1 1 A, 


(32) 


80 that al! the constants are expressed in terms of A. 


To calculate the resultant traction across a spherical sootionrof 
the cone, we substitute in (28o) and (286) and find 


X = y = Z = L = N = 0 , 

Ms= — 7rA(l -COB (i)® [2{A.(1 + COBa) + /i(l + ^COS 'a)}(l '!* 008 «) 

+ (A + |/i) 008“^ a], 


(08) 


which determines A when Mis known, 


Therefore (25) with (82) and (38) solves the problem of a cone sub- 
jected to a couple at the vertex about an axis perpendicular to the 
axis of the cone, 


7, If we put a 5=5^, we pass from a cone to an infinite solid 
bounded by a plane, 


When the axis of the couple is normal to the plane boundary, 

ttf M 0, u. 0, u. 




N sin 9 


n = M ^ » 0, 7t= 

...... .. , 4n r* 

where N is the magnitude of the couple applied, 

This solution can very easily be Identified^ with the solution due to 
a centre of rotation at the origin about the axis of z, 
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When the axis of the couple lies in the piano boundai'y, 


where 


« s= 

r 


— cos^ + iUan ~ 

'^{i 2 


A 008 0 




^ '»-8iQ20~.]:8Oo2J 

Afl 2 


A 008^^ 

-•'/2 -» 

A a]n 
,.a 


M 


M being the naagnitude of tlie couple applied. 


Depaiwmbnt of Appwrd Matkbmatiob, 

UviVBIlBUIT OorAnOK OP SoiBNOB AND TKOnNOLOOT, 

Oaloutta. 
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A PROPOS D’uN MEMOIRE DU REGRRTTE GANEfiH PrASAD 

Og mf^raoire port© 1g titre *' Failure of Lebesgue’s criterion" qui fait 
allusion au orit&re de sommabilitd, g(in4ralisation do celui de Fojdr, 
que j’ai donnd. 

Le iiitre du mdmoire incite h penser que j’ai oonamis une 

crreur ; o'est oo qu'a oru tout naturellement M. lo Br. S. 0. 
Bogohi quand il dorivaib son bel article: In momorlam, Br. Ganosh 
Prasad^ (ce Bulletin, Vo). XXVII, Nos. 1, 2, 1935). En fait, je n'ai, 
au Bujet du oritfere on queption, commis auoune erreur ofe n'ai done 
pas eu t reconnattre mon erreur, 

Que faisait le Dr, Prasad dans Bon article ? II dtudfoit, oveo sou 
talent ordinaire,* la Bommabilitd do certaines sdries do- Fourier, 
sommabilitd que n’aurait pu rovdler mon crittre, Mais cool n^est 
pas une "failure" du orittro, Moi-mdmo, d6a lo ddbut, j'nvaia 
aignald des oaa de sommabilitd quo n^aurnit pu rdvdier mon oritbro. 
Oo orittro a toujours 6td donnd par moi oommo suffisant, ofc noncomtue 
ndoessaire. 

Paroeque une sdrie peut 6tre oonvergento sans quo lo rapport 
Htiil ait une limite infdrieure ^ un, parle4-0D do la "fniluro" du oritdre 

w« 

de D’Alembert qui affirme la convergence quand a uno llmlto 
infdrieure t un ? 

Je proflte de I* occasion do oette reotificatlon pour m' assooier 
aux regrets qu ’a oausda la mort du Dr, Qanosb X-^rasad et pour dire 
toute la bauto ostimo on laquelle j'ui toujours tenu votro eavant 
surpati'lole, et h cause de ses bravaux eb oauso do eon action offiopoo 
pour la ordation d’un centre aotif do reoherohoe mathdcnatlqueB 
mx Indes. 


Henri Lbbbsour, 



A Correction 

In Memorimn 

(Dr. Ganesh Prasad) i 

thg obituary on G.anesh Prasad, there is an unfortunate, over- 
sight pointed out to me by Professor Lebesgue. I have stated that. 
‘' there was an oversight which was detected by Prasad and- when 
coinmu moated to Lebesgue himself, the latter owned his mistake,*'' 
As a matter of fact. Prof. Lebesgue has committed no mistake,* 
as ha points out in a note,, published, in this issue, I regret this 
statement and withdraw- it,, with apologies, to Prof. Lebesgue*, 

S, 0. BApo^^ 


10 

On SoHijiiFLi^s generalization op Napier^ s 
Pentagramma Mibipioum 


H, S, M, CoxETEn, 

In 1614, Napier showed that any right-angled spberidill tiriahgid 

can be regarded as belonging to a cycle of live triangles with olosely 
related elomBnta.* Iii fact, iJ the gi^en ttidh^lA ia aI 30, 

Angled, at G, and we write 


^ vq » vi » Itt— a, vg ss 0, va « — t, V4 » B, 

Hie ffemaltmg trietiglis are ibWInofl by dyclio iio«nUti(tioH df 
fch6 suffix numbers 0, 1, 2, ft, 4. 

It any five oollihear gointa are ateitbd by X„, jt,, Xj, Si, 

On IKIa order;, the Bomi-oirolda on dWttiefcers XjX,, XjjX,,’ X(,Xi. 
A1A4, XoXa intersect to form a ourt’llftihar /jfdhthftoB |m 
Whose angles dfe the values of 2.o, 2vi ^ 2.>i, 2., m fec/thS tight, 

angled spherical triangle, (This remarkable theorem is due Dr. 
G. r. Bennett, who will publish it in greater detail elsewhere’,) If 
W0 make Xo and X4 ooinoide at inanifcyy we are left with the semi- 
olrole on X1X3 and the perpondioular line at Xg. This diagram 
can be regarded as representing a piano right-angled trianglo of sides 

(X^Xa) , (XgXs)^, (XiXg)^. (See Fig. {.) Of OdfifSAj in tWs 
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aimplest oaae the diagram Ib more complicated than the figure 
itself ; the important point is that, when the right-angled triangle is 
replaced by an analogous figure in Euclidean or non-Euolidean space of 
any number of dimensions, the diagram remains in the Euclidean plane, 
In 190B, Wythoff extended Napier's result to spherical space of 
three dicpensions, considering a '‘double-rectangular" tetrahedron.^ 
Such a tetrahedron, is bounded by four right-angled triangles. It has 
six dihedral angles, of which three are right ; twelve face-angles, of 
which four are right and two are equal to dihedral angles ; and six 
edges — 8-t-6-h6 = 15 '* elementSi" in"all, If we name these fifteen 

elements vqi) ^45 in a special order, and make the 

convention . , 

then any formula oonnecting them remains true when we increase 
(or diminish) all suffixes by 1 (mod 6) and at the same time transpose 
the two suffixes of each v. 

It is natural to put these ideas together in the following manner. 
■The aemi-oiroles whose diameters are deterrainod by six collinear 
points X(}, X^, ... , Xjj, intersect in just fifteen ways ; wo find that 
the fifteen angles so determined are the values of 2voi» 2vo2, ... , 
for some spherical tetrahedron, B,g,, Svoi is the angle between 
the semi-oiroles whose diameters are X3 X^iX^Xg. 

The analogous simplex in spherical spaoo of nj ~1 dimona-ons has 

, 1 , O 

■( J ) elements, which may bo denoted by 

; [r 8 f «] ( 0^ r < 8 < t ■ < ti ^ m -t 1). 

If w + 2 oollinear points are oalled Xq, Xi, then 2[rsf«] 

is ' the angle between the semi-oiroles whose ■ diameters aroX,.X^, 
Another way of stilting the same result -is that tbe squaced 
trigonometrio functions of [rsiu] are the cross- rati os of the four 
points X^, X,, X,, Xy. Thus) a simplex (of this special kind), in 
spherical or elliptic space of any number of dirntmaiona, is represented 
on projeotive space of one dimension, By varying the order in which 
the X's are numbered, we obtain an analogous representation for 
suolb a simplex in any non-Euolidean space. 

♦ WjthoIE, 1. ' 

** Namely, . 

«« =• >'4B> aj3 » V(|||, . « vqj, 

^1* “ »'o* («**2» \4), ) (f=**l> 2,8), 

“ Vim (r « tu‘dn'y permutation of 1284 
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1, Dr, BennoU*8 representation oj the Peniagramma Mirilicum ' 

* . by five coUinear or conoyolio pointSr. , 

Let ABO be a spherical triangle, right-angled at 0, The Penia- 
grarniHa Mirijioum* is a cycle of five great circles ; those oontaining 
the-sides a, o, b of the triangle, and the polar circles of the vertices 
B, 'A. In one order of arrangement, every oonsdoutivo pair of 
cirojea are orthogonal ; in another, ovory non'oonscoutiyc pair are 
orthogonal. We prefer the latter order j the consecutive circles then 
form a pentagon in which each side lies in the polar circle of the 
opposite vertex , : • 

The angles between pairs of these five great circles are the same 
as the angles between the planes in which they lie, and these will 
hot be altered if we' shift two of the planes (by translation) b6 ' as to 
destroy the concurrence. We are thus led to oohsider a cycle of 
five planes 0, 1, 8, S, 4 (in ordinary space), such that the pairs 08, 84t, 
41, IS, 30 are each perpendicular. Any four of those planes, say 
Of 1, 2, 3, form a tetrahedron of the Idnd that Wythoff calls (Jouhlo- 
‘reoidnguldr, (See Fig. ii.) If Aq, Aj, A^, Ag are the vertices 
opposite to the, faces' 0, 1,8, 8, it is clear that the edges AqAi,’ AjAg, 
AgAg, are all perpendicular. In other words, the four faces AiAgAg, 
AflAgAg, AqAj Ag, AgAiAg are plane right-angled triangles.. 

Let Xq, Xj, Xg, Xg be four points in any straight lino, so arranged 
that :XoXi = (AoAi)«, XiXg = (AiAg)2, XgXg (AgAgl^. 

Then (by Pythagoras) we shall also have 

XoXg « (AoAg)2, XoXg « (AoAa)2, X^Xg « (AiAg)^ 
Following Sohoute • and Wythofl, we use the following notation 
,f6r the 'angles' of a tetrahedron : a,., is the dihedral angl^ at-the 
edge opposite to A,.A, (f. e., the angle between the planes r,'8), :ohd 
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Clearly,. 

“Oa ” ‘*■08 ~ “-IS ^ ^IZ “ *^18 ~ “^20 ~ 

‘lo; 4%3 Woco^,(AiAa/Ao,A2) coB(3^i3^a/'3foX2),i, 

‘Vaa *?' 4io =n W’P cpb(A;A^/Ai Ag) - orq ao3(Xi?:2/^iX3)^ ». 

If- tatii is a permutation of 0 12 8, such that t <C s <C then 

-r. ai’o cos (X^X , 

A/»’“^jr~A,,„, 

pp.}y t If to, ho o^loulptod i?, 91 1 g . 

%®Pte9f pe^tire Aai th,9 fappo I 8 , 3 cut, o^t 0 wgh.t^opglod 

mh 

A — agg, B = «^2» <l = Apj, 0 “ Agg, b ~ Aq^, 

9!t^3f iyghfc.:P'PgJ9(ji Spherical tnppglc ABC can ho into** 
Pl h’ihOl3r9;l;anglo, (Ap, A?^)* wo obtain the, fow«th fw 
H^^^^PteM^oAi48Aa. tjy tabingian opbikary. pliano peijpenAh 
.S’Ate'HAoA*. TJ^ojtbp,vo,<9)^ulao show that. 

OOB A == OpB Cigg = A^Ag/AiAg 

(A 1 Aa / Ao Ai )' (Ao A 1 /A I Ag) «, tajp, Aq 3 cot 4o a 

= tan 6 cot, 0, 

(/Phis ifl, ofr course, one oi- Napier’s rules } but there. iS' a certain 
ftatiafeotlpn in. deduoingi it <^6, initio,), Ihterohanging A and Bt, 
mhaya. 

ooB B = tan a cot d « tan Aoi’oot Aqs = (AgAg/AflAg) (AoAi/AiAg) 
AoAl^AgA^ 

" AoA2,A^9 ' 




“jia 


o B, =5 arc OOB 


/ XoX,.XeXg 

XoXg.XiXg 



tHeiSS;^ oroBS^ratios of the points Xq, Xj, Xg, Xg are 
OOB® B, Bin® By seo® B, OOB0O® B, -tan® B, -oot®Br 


.i -This representation bQoomea more symmetrical if we let X4. denote 
the point at inBnity in the.lln0.of tJ^eiX’s, and then perform a projec- 
tion or inversion;, so as ' to make X aoeesBlbie without , altering 
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croBs-ratiOB, We now have 



Xo. Xj, Xg, Xg, X4 being five oollinear points,. Still more symmetri- 
cally, restoring the fifth plane 4 (perpendicular to AoA'g), wo have 

A = agg [1 2 8 4], 

— a =• ttg^ S3 [2 8 4 0], 

0 = a^o = [8 4 0 1], 

i;r - 6 K ttoi “ [4 0 1 2], 

B — ai2 *=[0128], 

(This is Napier’s oyole of angles,) 

We next deduce a representation in the Euclidean plono. We 
drawsemi-cirolesonX;oXg, XgXg, XjXg, XjX^, X^X^. as diame- 
ters, and observe that the semi'oirolea on X^X< and X,X„ 
(r a i •<[ •w) Lieetab angle 2 [rafw], (ThlBbeopmes obvious when 
we transform one of the oiroles into a straight line by inversion, 
about one of the points. See Pig, i.) Thus the five “elements** of a 
right-angled spherical triangle are halves of the angles between pairs 
of five suoh semi-oiroles. (See Pigviji. Pig. ii shows the same with 
X4 at infinity.) 



rlas •.v:. , fi* M:. (JOXKTfia- ■• 7/ ■" 

Finally, after inversion with respect to a general ,oirolo in the plane, 
we have a perfectly symmetrical representation for the angles between 
the five planes 0, 1, 3, 4,* as halves of the apgles between five 

oirclasorthogonaltoon^ oirdle, as in Fig. iv.' (1‘2) continues to hold, 

if X,,Xj means the okord joining X^to X,. phe sign of suoli a 
chord agrees with one of the arcs joining &e>arae two points, namely, 
that one which avoids a Certain ‘‘barrier point,”* arbitrarily assigned 
once for alh (With this convention, Ptolemy's , Theorem takes bho 
symmetrical form 

XoXi»X2X3+XqX2*X3Xj^ +X oX3,XjX2 0.) 



Oonversely, any sab of five coney olio or colli near points represents 
a definite Peniagmmina Mirifioum, We merely have to invert about 
any one of the points, so that the rest become oollinear points 
Xo* Xi, Xa, X8 (withX^ at infinity), and then draw (in FuoHdoan 
space) three mutually perpendicular lines AqA^, AjAg, AgAg, of 

lengths (Xc,Xi)^ , (X^X^)^ , (X^Xg)^, The Peniagramma Mirifi- 

ouw is out out by five concurrent planes j Four parallel to AjAflAg, 
AgAgAg, A(jAiAg, AftAiAa, and one.perpendioular to AgAg. 
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2,, The general otihoaohemo. 

Consider now the general simplex AqAj ...... A, „ in Euclidean or 

non-Eu olidean m-apaoe. Following Sohoute,^ we write A,(A;j)A^ 
for the angle Ap,Ql the triangle A,A,,Ai , Aj(A;,A 5 )A; for the angle 
an of the tetrahedron kikpkqlif , and, analogously, A,(A;;..,Aj)A< 
for the' dihedral angle of the simplex Aj A,, A,,A^ opposite to its 

edge A, A;, i.e,, for the angle between the spacea A,A^ ... Aj, 
Ap.., A^A^, (When the symbol involves aW the A's, this is a dihe- 
dral angle of the whole simplex.) There will bo no loss of generality 
in supposing that a <,t, 

The TO- dimensional analogue of the right-angled triangle and of the 
double-rectangular tetrahedron is what Schlilfli calls an ortho 
vk,, a simplex in which the w edges AqA^, AiAg, A„,^jA,„ are all 
perpendicular, This means that the n — space AoAi..,Ah is absolutely 
perpendicular to the (to - ?i)-spao6 A«A«+i ... A„, (for all values of n 
from 1 to TO — 1), It follows that the “ face " of any number of 
dimensions, namely, 

A^ ... Ag (0 < ... < (i ^ w), 

is itself an orthosoheme, 

The dihedral angle A,(AoAi' ... Aj„;lA,.,.i ... A<„iA,h.i An,)A/ 
is a right angle whonover s < f - 1. For, by definition, it is the 
angle between the primes ... 

AqAj A<.,iA^,,.i A,„, AqAi ,,, A/.-iAn.j^ ... A,„, 

If 8 < «. < f, these ore perpendicular, since they contain respectlYoly 
the absolutely perpendicular spaces 

' ' V i i 1 ' . ' : 

AqAj ... A„i A,)Af,4.]| >>i A,,,. • 

By restricting consideration to the orthosoheme A , A;, ... AgA,, it 
follows that , . 

(2'1) ' A,{Ap ,., Ag)A, « 

whenever any of the nwnbm p, , q lie bciiveen a and 

We proceed to prove that every angle A, (A ... Ag}A< is equal ' to 
one in which the parentheses contain at most two A's* Let ub 

('■all' , ‘ ' *■ Bcihoute,'l,‘)36fij . • ,• v 

I*'* BohUOi, 1, J ai iBSi, ‘ 
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BUppoae that q and r are either the two least or the^two greatest of the 
numbers a, p, ... , g, r, aud thal) in Ite former base r < g « a) and 
in the lattet r.>] g (>i). Theiij since is perpendicular to 

A I A^' j , , A j A / i ■ 

A ^ (A^ k it A^ A j.) A j A j (A ^i««A^)Aft 

Bepeafced opplication of this formula gives the desired result. In faoli, 
if p ia the greatest of those aufflxea lohioh are less than 8, and q la the 
least of those which are greater than t, we have 

(2*^) A,(A^.,. A,)Ai:« Ai(ApAg)A< (p < e < < < g), 

Moreover, if all of p, ... , q are less than « (or greater than t), and p 
■ is the greatest (least) of them, we have 

(iJ'8) Ai{Ap .:; Ag)Ai = Ai(Ap)At (p < S < i br s < f < p), 

8.' fhe tofreSeniaiion hy m d* ^ooliinedror 
oonoyotio pbinU, 

We consider in more detail the case when the iH-spaoe is 
Euclidean, so that any three verbioes of the orthosobeme belong to a 
plane right-angled triangle (with its right-angle at the vertex whose 

suiBx is intermediate). Let Xo, Xj X„, be m + 1 points in any 

Btr sight' line, so arranged that 

XqXi *= (AqAj^)®, Xj^Xg (A^Ag)®, ... , Xjrt-iX„( != {Afn^iAin)^4 


Then (by J?ythagQrSa) wt shall have 
( 81 )- : X,X^ = (AiA,)^ 

for all values of s, t (0 ^ s <C t ^ w). Our previous work on the 
double-rectangular tetrahedron shows that 


(8'2) A,(Aj,Ay)A( := aro r = [pafg] 

(P <8 _<< < q), 

wid that 

<;;; f Ai(A,*)Aji — arc qaa(X^X|/XpX<)’^ » [p fi f m + 1] 

fp <8 <f), 

where Xw+.^ is the point at *iiihrilty ih the line of the X's, Theae 
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formulae remain valid when we transform the X's by an Inversion so 
as to ronder X„n,i accessible. 

By drawing a sphere around Aq, wo derive an Oa-l)'dimGnsionul 
spherical orthosohemo Bi ... B,,,, whose vertex lies on AqA;,. 
(It ifi an orthosoheme, since it has the same arrangement of right 
angles as ... A,,,). Conversely, any (ui -l)-ditnen 8 ional sphorioal 
ortho scheme can be regarded as being cut out by in primos through 
a point Aq in Buolidenn w -space, and we can complete the Euclidean 
orthosoheme by taking an arbitrary plane perpendicular to A^Bi. 
The edges and angles of the spherical orthosoheme Bj ... 13,,) arc thus 
given by the formulae 


= [0 8 1 m + 1 ] 




Bi(B^,)B< = [p 8 t w + I] 
t w [0 8 f g] 


I B,(B;,Bj)B, = [v fl t q] 


{s < t), 

{p <a <t), 

(s <lt <q), 
iV <a <t < a), 


and are halves of the angles between pairs of semi-olrolos determined 
by fcho in + 2 ool linear points Xq, Xj, ... , 

In particular, the dihedral angles (other than those whioh are 
neeosaariiy right angles) are : 


Bi (Ba ... B„,) B 3 « Bi (B 3 ) Ba « [0 1 2 8 ], 
Bg (B 1 B 4 ... B,„) Bg = Bg (BiB,) Bg « [12 84], 


^oi-g (Bj ... — B;)i-.a (R„i„gB,,4) 

= [la — 8 in ~-2 m], 

{Bi ... B,„ = B,„„i (B„,.a) B,„ 

=3 [in '-2 m — 1 in -jn + l]. 

These lead, by oyolio permutation ol the numbers 0, 1 in + 1, 

to throe further angles : 

[w ~ 1 i)t m + 1 0] = in- - [0 til. — 1 m vi -hi] 

in’ B,j 4 ». ]^B,}J 4 

[m m 4- .1 0 1 ] =s [0 1 ni m + 1] = Bj B„„ 

[w 1 0 1 2] = iff - [0 1 2 in 4- 1] « in- - Bj Bj. 

2 



a. Mj qoxeteb 


Thpao m + 2 angles oon; be desoribed symmetrically as the acute 
angles between cyclically consecutive pairs of w + 2 primes 1,,.. f 
W,;W + l,:0_{ot.the' spherical (w — l)-spao 0 ), namely, of the w hound- 
ing primes of the orthoscbeme, the absolute polar of B,,,, and the 
abpojqtp- polar of Bi. Clearly, all non-conseoutivo pairs of these 
^ .2 primes are perpendicular, and any oonseoutive set of w bound 

^■n. prthotachpme. Schltlfli considered such a cycle of w + 2 primes 
m th.^ case when m = 2n*, and his remarks are equally valid when 
•nf is oddv When m ~ 8, this is, of oourso, the Pmtagramma Mirifwum 
itself. When w .» 4, it is Wythofi's cycle of six great spheres.’*'* 

The m + 2 primes in spherical (w — l)-spaoft can bo interpreted 
asm + 2 concurrent primes in Euclidean w-spaco. The angles will 
not be affected by shifting two of these primes so os to destroy tho 
oonciirrenoe; and then the removal of any one of tho primes loads to .a 
Euclidean orthoBoheme, whoso longest edge is perpendicular to the 
removed prime. In order to make tho representation perfectly 
symmetrioai, we perform an arbitrary inversion, transforming the 
line of the X’s into a circle. Our results moy now be summarisjed 
as follows : 


If a cycle of primes Bnolidcan m-apaco) haa the property 
that all non- Gomecuihe pairs arc perpendicular, ihen the angles bet-^ 
toeen oonscGuiive pairs are halves of the angles betiveen oonseoutive 
arcs ' ■ ‘ ■ 


X Y Y YVYYY Y Y YV 


orthogonal to one circle. Every, angular property of tho Euclidean 
orthoschemo derived by ornitting any one of the ■ prhnoa, or of tho 
sphotioal oHhoscheme derived by omitting any two consecutive privica, 
occurs as half the angle heUoeen certain arcs X,X^, X^X, 

Conversely, given any set of w + 2 points on a circle, we can construct 
a oorrespouding cycle of un- 2 primes as follows: wo Invert about 
one of the points, -.so as to obtain w + 1 oollinear points Xq, Xj,.... X„„ 
and then draw {in Euclidean w-apaoe) vi mutually perpendicular 
lines 

Ao^lf ••• f 


»* Schiam, 8, 69. 

** Wytboff, 1, 63^, His jcesulta oottoorolng tljo volumes of tlip ortboschoinos I, 
II, , VI bad ilWMy BeoQ given (8, 68) (for the goneral even value# 

I r-’r :■ : ■ ' ^ 
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(X„Xi)*, (X,X2)i ^ 

then m + 1 of the pi'imes are determined by seta of w of the w + i A*b, 
and the last is any prime perpendioular to AqA^. 

4. The UBO of symbols {s, t), : • . . 

such that {r, s) (i, u) + (r, t) (w, a) + (r, u) (s, £) = 0. ’ 

We now give an alternative treatment, to replaoo § 8. We define 
ri-s iw] to mean A j (A,,A„)A< or A,(AJA^ (w = m + l), ti*od 

derive an expression for it which includes (1‘2) as a particular case. 

In the four dimensional orthoaoheme AoAiAaAaA^.,; consider th? 
boulididg primes .2, 8, 3, i.o., AqA^AsA^^, AqAiAqA^, AqA^A^A^, " 

These pass through the edge AqA.^, and form a trihedral anglp in 
any prime perpendicular to AqA.^, This trihedral angle) when regarded 
as a spherical triangle, has the sides 


^ I .■ 

and the angles 


^ ~ AjIAqA^IAjj ~ [O 2 8 4], 
b = Ai(AoAJA^ =[012 4], 
0 ~ Aj(AqA^)A() sa [0 1 8 ’4)j , 



A s= A2(AoAiA4)Ag = A2 (AiA 4)A3 = [1 2 8 4], ^ •‘ ■•i 

B « AilAoAgAJAa = Ai(AoA3)A2 = [0 1 2 8], , 

0 = Ai(AoA2A4)A3 = ^TT. 

. I 

Hence, by the woll -known formulae for the sidea of a spherical 
triangle in terms of its angles, ’ 


COB [0 2 8 4] = ooseo [012 8] cos [1 2 0 4], 

COB [0 12 4] = 008 [0 12 8] coaeo [1 2 8 4], 

GOB [0 1 8 4] = cot [0 1 2 8] cob [1 28 4], ? 

Since any five vertices of an w-dimensional orthosoheme* form a 
four-dimensional orthoschemo, it follows that 

' 008 [r £ w v] = ooseo [r e t u] ooa [a £ « u] ^ 

( 4 ' 1 ) 008 [r 8 £ u] « COB [r a £ w] oosec [a £ w u] ► ,(r<;; 8 <£<i[t<v), 

, cos [r 8 w u] S3 cot [r 8 £ w] cot [s £ u u] j w 

* It ia still iminatcrial wliotbor wo coiiaidor tlio Euolldoau orthoaohoroe AqA^.mA^ 

or iho spherical orthoaohomo Tn the latter chbo, oiirforiniilnogivjj^lji,. 

odgea afi well U8 tho angles, 
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iu 


These formulae enable us to e:xpreBS any angle [t s f ii] in terms of 
others having a smaller value for u—y, and ao ultimately in terms of 
the dihedral angles 

[0 12 8 ], [12 8 4 ] 

We observe that they are identically satiafied in terras of symbols 
(«, t), such that 

(4-2) {t, s) + (a, t) = 0, 

(4^8)f (r, 8) (i, It) + (r, t) {ii, b) + (r, v) (s, i) = 0, 


(4*4) 


cos® [r 8 i It] = 


O', 8) {i, tt) 

(r, t) (8, u) 


sin® [r 8 t It] 


(r, tt) (8, i) 
(r, t) (fi, It) 


By making the restriction 

(i, tt) 4* (u, a) + (s, i) ^ 0, 

(fi, t) “ £C ^ K j , 


we could write 


and ao deduce (1'2). For our present purposes, however, wo prefer 
the alternative restriction. 


(4‘6) (8, 8 + l)=l, 

which enables us to express (a, i) as a determinant involving only 
symbols 

(0, 2), (1, 8), , (w-1, m>Hl); 

namely, 


(s, 8 + 2) 1 0 ... 0 

1 (8 + 1. 8 + B) 1 ... 0 


the 


(4*6) (8, i) = 


(«<f-2). 


0 ... 1 (f-8, t-l) 1 

0 ... 0 1 


* Actually , 
deduce 


f 4 * 8 } , impHofl ( 4 , 2 ), For, Ity putting 
(s, sy«o. 


ill (d'O), wft 


Again, put{plTiB 'f'='f iind <»i(, tlieo ,r«/. and s=>ii and adding Llie 
results, 

I (t, ff) + («, t) - 0. 
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This 13 easily proved by induction, since 

{a, i) = (t-2, t) (a, t-1) 
By (4*4) and (4 ‘6), 

sec2 [012 8] = (0, 2) (1,8), 
seos [1 2 8 4] = (1, 8) (2, 4), 

(4'7) 


t-2). 


I sec® [m — 2 w - 1 in ni + 1 ] = (ni — 2, m) (m - 1 , in + 1), 

Thus, if we are given the dihedral angles of bhc ovfcliosoheme, wo can 
choose one ol the numbers 


(0,2), (1,8), (2, 4) (in~l, m + l) 

arbitrarily, and deduce definite values for the rest. By (4’0), 
these determine all the numbers (a, f). Thus, ultimately, (4 '4) 
expreaeGs any angle of the general orlhoscheme in terms of its 
dihedrol angles, 


B. Euclidean and hyperholio apace, 

On comparing Fig. i with Fig. iii, wo seo that tho diagram for a 
plane triangle can be derived from that for a sphorioal triangle by 
making Xq and X^, recode to infinity in opposite (liroctions,^ Since the 
representation is invariant under inversion, there is nothing speoiol 
about tho point at infinity; the CBsential fact ia that Xq and 
have moved into eoincidonco. We prooeed to generalize this 
result by proving the following theorem : 

Tho diagram for a Euclidean urihoaohemo can bo dorived from 
the diagram for a aphoricol oriJioachomo {of the same number of 
dmenaiona) by malting X„,^.i coincide tvith Xq, 

In the diagram for a spherical orbbosohome, lot X^n.^ gradually 
approach Xq, while ail tho oiher X's (including Xq) remain fixed. 
Then all the angles [r 8 1 w] (r< 8< £< w) remain finite, except those 
which involve both Xq and X,,,.,.!, namely, [oat i» + 1], which tend 
to zero, But these are just the edges of tho orlhoscheme. The 
diagram therefore represents a spherical orthoscliemo whoso edges 
tend to zero while its angles remain finite. Tho limiting figure is, 
of course, a Euclidean orthoBobomo, 
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B.gf,, pointa evenly spaced along a line, with the point at 
infinity counted twice, represent the Euclidean orthosolieme whose 
vertices are the points ; 0'"“’') {r=l, 2 ,..., m), Bofleotions in 

the bounding primes o£ this orthoaoheme generate the group 
[4. S'"”®, 4], which is the complete symmetry-group of lattice points 
in ni— 1 dimensions, The same diagratla with the point at infinity 
counted only once, represents a spherical ortboschome which is the 
tundainontnl region for [8’"”®, 4] the complete symmetry -group 
of the (w — l)-dimen9ional Cartesian frame. By omitting the point 
at infinity altogether, we obtain a diagram for the fundamental region 
for the symmetric group of degree — 1. 

Let us now continue the above process, by allowing to pass 

into the interval between X^, and X^. I'ho semi-circles on XqX,. 
XjXjjn-i (8<<) no longer meet in, a real point ; in fact, 


AqA^ , A , A,„4.| 


< 0. 


whence [oaf nr -hi] is o, hyparholio mglo. Now tho formulae (8 '3) 
are essentially a parametric statement of the trigonometrical relations 
between the edges and angles of a simplex in spherical or olliptioal 
space; and we know that such relations remain valid in hyperbolic 
space. Hence if, as in the present case, the formulae lead to pure- 
imaginary values foi- the edges of the simplex, while its angles remain 
teal, we can be sure that wo are dealing with a simplex in hyperbolic 


sphee. 

In terror nif the symbols (s, i), the spfice is spherical (or elliptic) if 
(a, i) IB positive whefievet s<f, but it becomes Euclidean or iiypcr* 
hollo when (o, -ni-fl) is zero or negative, respeofcivQly. In the hypor* 
bolio case, the pure-imaginary edge [o a ini -hi] is intimately 
associated with a certain real angle, namely, the Gudormannian 

(^’i) ' ' gd'tto s i + arc 6eo(eos[c a f ^‘hl]) 



*= arc see 


(o, 6) fi, ffl-hl) 
(o, £) (a, m-h l) 


s= [o t a m + 1] 
[m-hl s f o]. 


- * 0^^ iftii'd Tddil, 2,'X0$, The fcrigonoUftQtry of tliife ori'hosoliuiii'o Wuh invcBlh 
gated by flehoute (1, eapeoially lho'oSiB& wben 'tti >* '6. . , 
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TliQ points X whioli represent a hyperbolic orthos oheqio arg ip 
natural (oyolic) order, save that Xq comes immediately before ;X,„+j:, 
Hence, we derive an associated apborioal (or ellipfclo) orthosoheme 
by interohangiag bhe names of those two points. IDvery edge is 
repittoed by the corresponding Gudermannian, each of the aogles 

[o s < If], [a t If m + 1] (o < a < t < n c; w+1) 

is replaced l)y the oomploinent of the other, and the remaining angles 
(whose symbols involve neither 0 nor m-Pl) are unaltered. This 
device enables us to deduce all the properties of the hyperbolio 
orthosoheme from those of the more familiar spherical orthosoheme. 

When m = 3, for Instance, we have Lobatsohawsky's formulae* 
(21)- (26), which may be regarded as formulae for a spherical 
triangle with sides 

opposite to angles 

In — Bt ^n~A, 

, d, GonGTalhcd Minhoioahian appoc. 

In the generalized Minkowskian spaco any m-i-w per* 

pend iou I ar linos consist of jr spacodilco and n fcimodilce lines. In • 
pariioular, this must hold for the perpend ioular edges 

of any orthofiohome. Wo cap still represent the orthosoheme by 
coll inoar points Xq, Xj, ... , X„,+ „; sobisfying (81). For, if A, A, 
is a timo-liko line, WG simply make X^X^ negative, i.e., put X, bo 
the loft of X,. Oonversoly, given m-i-n + l oollinoar points, numbered 
in any order, we can oonslruot a corresponding orthosoheme in a apaoo 
whose several dimensions are spaoe-lilce or bime-like aoeording to the 
signs of the segments 

XqXj, Xj^Xjj, ««• , X,„.|,«_j^ X, 

f IjobotBoliowsty, 1. I(i is, perliapa, iinfptkiuiatB tbut IvubntBobowaky ubbiI 
to danole tlio complement of tlio Gudormunninn of a, Instead of the a-iidomaunian* 
heolf, choice of notation je douhtlose tlotonniiioc) )>y the fsofc IJiiAM' la the 
;P(trtiU el-angle ot a, 

This can ho identified with U)e>mngle (y', sV. flV) of Bomworville.d. dfi 
(Fig. 80). . . 

Todd, i, . ' 
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By varying the order in which the points are numbered, wo obtain 
orthoschemes with closely related properties, Of tbeso, 
one lies in the Euclidean apace and another (differing from it 

merely in having all lengths multiplied by i) in the Euclidean space 

ym I- » ^ 

As before, we introduce an extra prime perpendicular to AqA^j+h, so 
as to obtain a cycle of 2 primes, of which all non-con aocutivo 

pairs are perpendicular. To derive a symmetrical repreaentatiou , 
we let denote the point at infinity in the line of the X’s. and 

then invert this line into a oirole. Bach pair of X's now detorrainoB 
two area, of which we select that which does not contain 
(For the moment, wa are nob concerned with arcs terminated by 


Xm+ti+i-) Then, of the area 

XjXg, ••• , X,„.^fl, 

m are positive and n negative. It only remains to observe that tho 
name partition of m+n would be obtained by taking as "barriei* 
point" Xj, instead of and considering the m + n arcs 


^J+lXj+2’ t Xn,+ flX,;,H,fl4.]^, X,„4.fl4]^XQ, Xj-gX,^!. 

The same diagram, with and X(j specialized, can bo 

regarded as representing the generalized hyperbolic* orthosohemo 
, wbioh corresponds to tho (m + «.)"h6dral angle at tho 
vertex A fl, of AqA^* A ny vertex B, lies in the real or ideal 
region of the generalized hyperbolic space according as the lino A^yA, 
is time-like or space-like, f.e., according as the point X, does or does 


not lie in the positive arc Xm+fl+iX0, 


7. Begular folytoped. 

Consider a regular polytope * * in EuoUdean (or MmkowBkinn***) 
■m-spaoe. Let Ag be a vertex, Ai the mid-point of an edge containing 
this vertex, A2 the centre of a plane face containing this edge, ... and 
A„ the centre of the whole poly tope, Then, clearly, Ag Aj ...A,„ia 
an orbhoscheme****. The whole polytope can, in fact, bo divided 
into g such orthosohemea, g being the order of the symmetry-group. 
The edges A j A, of the orthosoheme are tho radu ***** of tho 
poly tope } 6,g.t Ag A^ and A^_j are the oiroum- and in- radii 


* ' By generalized hyperbolic space, we mean the non-EucIitloan (w+n— 1). 

space whose metiio ia defined by an absolute quadrio of signature w— «. 

, the rsffilfar Sohllfll, 1, 879', 8, 108] 4, 42'60 Soo also 

Soboute, 2, 151’S62. 

* * * Ooxcfer, 8, • * * » Sohiafli, 2, 39$. »»»,»# Ooxelcr, 1, 888, SSO. 
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of a f-dimenBional element. Since the prime AyAi ... A,„„a 
biseota a dihedral angle of the polyfcopo, this dihedral angle is oqimj (o 

2 Ajii_j{Aq Aj ... A,„^2)Ao, *=» 2A,„^ j (Aifi^.^) A,„i 

If the polyfcopo has the SohUifli symbol* {ft,, ftg tho 

remaining dihedral angles of the orthofiohomo (apart from right angles) 
are ** 


■^0 (Aa) A, « 7 r/ft, , 

Aj (Aq Ag) Ag ea ff/fta r 

*»• Ml III 

.A>n-a (A,„_a A,„) A„|».j »=> .Tr/ft„,^j , 

'In aooordanoa with our representation for al^uolidcMm (or Mjnkow" 

aklan) orthoaohome, wo take m -h 1 ooliiuoar pointa X,;, Xj X,„, 

suoh that 


( 7 ^ 2 ) X, X, 

and draw semi-oirolGs on XoXg, XiX,„ ... , , (unl vertloal 

lines (j.e., perpend ioul are to the lino of theX’H)ntX, and . 
Then the Brat Bomi-oirole outs t)jQ first vortloal lino at anglo 
the (p ~l)th and pth aemi-oiroloa out onoh other at anglo imd 

tho last semi. oirole outs the other vurtioal lino at an anglo ocjiml to the 
dihedral anglo of the poly tope. Furtlior, sinoo the rrmfrnl (i.a., volurno. 
analogue) of the orthoaohomo is oqnal to A(,A,.A,Aa ... A,„..| Ai^/ni I, 
the content of the whole polytopo is 


(7‘8) 


S » qI^i • iBa ... m-iBm . (//nt ! 

(Xq Xi , Xj Xy ,,, X,„„j Xp,)^ p/m I , 


Conversely, given tho ft’s, wo oau conutruot tlui aoini.olroloii 
suooessively, and deduce tho radii, etc. Wo begin by mnnUrunUng a 
right-angled triangle Xq X,\ with ‘ ^ 


Xq X| =a ( qBj )S ks ^ 

ana_0, -^/7, This dotonninoa Y,, tlioooulro of tho «oml..ilKilo 
Xo Zi Xj, Wo ,thon oi'Got on X, X, nn iaoaooUm trlntiKln wit), ungla 


II • 


We have wplacod Schftni’H roimd braokols by curly 
Todd, 1, (Our A’a are lilo O'b.) 


onea, h« in OoxcU^r, I, m, 


$ 
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2jr/Ra a]E; its apex T2. With centre Tg and radius Tg Xj, jve draw an 
are to cjat this first senii-oirole in Zg. This detern^jnes Yg, the centra 
of the semi-oirole Xj^^Xs. "We then ,erect on XgXg an isosceles 
triangle with angle 2^/763 at its apex TgJ and so on, The examples 
shown' fn Fig. y ^ and Fig. vi porrespop.d to the Eu,olid§an poiytPP® 
{16; 3, 3} and i'he Minlsosyskian PoJ^y^PPP {'^> 3, feapectiveiy, d? 
the latter case, lies to the left of Xqi showing that all the raddi 
are time-like. On the other band* of the segments XqXj, X^Xgt 
XgXj, X3X4,, only the last is negative ; so the Bpa9e is . 




From the diagram for {hi, /cg, , 7 ^hi-:|}i we can deduce the 
diagram for the reoiprocal polybope {hm-u by inverting 

(with suitable radius) about X,^, and letting X, jitfo inverse oj 

!» Here tha points Yj &iid K 4 are too far away to bo si town, In faot, X 0 X 4 U 
sbont 6S times as long as XoX}. . 
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The fundamental region for the symtaotry-group * of tJu> polylopo 
is the Bpherioal orthosohomo out off from Aq Aj ... Aw l>y a bplioro 
drawn around A^,. We previously dofinotl the ftphoriofti oriViowalwmm 
J 32 ••• by drawing a sphoro aroun I Ao» nnd roooaoilud tlui rnpru- 
sontatbn by calling tiio iJoinb nt infinity Xi„n . .In tlio proHont tmHOi 
however, it is more appropriate to oall tho point ab inllnity X«|, ho 
fchat the vortical line at Xj can bo regarded as the Humi-oirole <fii 
X^x ^1' And ( 7 * 1 ), we now havo 


(7*4) 


BOO® {n/hi) ^ see® [ — 1012] (-"If 1) (0, 2), 

800® (itlh) = see® [0 1 2 8] . (0, 2) (1, 0), 


i 800® (ff/Z^w+i) » sec® [m-8 fii— 2 tu — 1 m] 
« {w- 8 , tn— 1 ) { 7 u— 2 , m)» 


Hence, given Iho /ds, wo can ohooso any ono of fclio nuinberif 

(-1, 1), (0,2), (1,8), ... , (m-2,ai) 

achUfarily, and dotormino the rest, which then load, by (d’li), to daflnlttt 
values for (8, t) (-1 8 m).«* 


The oir'ouni-radius of n <-dimouBtoual alernoub is now given by 
(7*e) (oRJ® « X,X, iX,X,/XtXx 

a j(| =]|t. .! ..| A^-q08eo” [-10 1 Qm 

X..iX, . X,Xj J 0 («. lT 

« i(-i‘, 1) (0, f)/(-i, <). 


Soiiimorvlllo, a, whore ihU uphorbuil u 

oAWOo Ci^.. Ok. 8iac6 oiir work lo oloBoly rolfllod io Hornincrvntft'*, w# gfriv gsNi 
oomilfiritb'ti of ftol(itlort j 

i?M«C-lpam], 0^r«lOlg3, 8, |)p,u ml, 


^ (P. <1) 



±, 11, 

— ii 5 “1^ i ) " 


•• • We ir« RgBumlDg (i’fih 
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Hence, by (4‘2), (4 ’3) and (4’6), 
(7-6) (,R,)a=X,X,-X,X, 


= i (“1. 1) 


( (q» _ (q» g) 

\{~ht) (-1,8) 


1 (-1. 1) («■<) 

^ (-1, 8) (-1,<) ‘ 


In particular, 


s= 4 f 


whence, by (7’3), 


(-1, i)i“ 


(7-7) 8 = ^ ^ — - 

.2 (-1, 1)(-1, 2)...(-1, m-i) (-1, w)i 


We may note in passing, although proofs would occupy too much 
space, that the simple truncafion* f * {/cj , Zc 2, . . . . , . , /c,,,- 1 } has content 


9 

2'" ml 


rn-l 


(r, r) (r.l)» * 

(r,-l) (r, 0 ) (r, l),..(r, m), ^ 


where the (r, r) in the numerator is intended to cancel (r, r) 
in the , denominator. jSiniilarly, the intetMediato tninodiioH 
^i-in {^n has content 




-M {r,“.l) (r, 0 ) (r, l),.,(r, w) 


(These results would be horribly complicated if they were expressed 
directly in terms of the fe’s.) 


In conclusion, it is perhaps worthwhile to mention the simplest 
choice of values for the symbols (s, <) in the actual cases that arise 
in considering hnite, convex polytopea. (The star polytopes— four in 
rthree dimensions, and ten in fout^oan be treated similarly,’ Idinkpws- 
kiampolytopes generally have finifce, radii, but always infinite content, 
because p is infinite.)’ For the simplex a„„ 


♦ Ooxeter, 1, 5M. ^ 
•♦Ooxstw^a, wi, 
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For the orosa-polytope 

(«, <) = ir-^a {«! m) » 1 (*<m). . 

For the measure* poly tope y„„ 

(*, i) = t-» (-1, t) =. 1 

For the 24-0611 {3, 4, 8}, 

(». (a, 8)«1 (8<0), («, 4)«|.|-2 (i<a). 

For the 600-eeII {8, 8, C}, writing cresj — X), 

(t, i) 

{-1, 4) a= tr®, (0, 4) » 2(r*, (1, 4) «=» (2^ 4) » 2cr®, 

Finally, for the 120-oell {6, 3, 6}, 

{i, i) = 

{-1, 1) « 2o*a, (-1, 2) « A/6<r3, (-1, 8) « 2cr^ {-*1, 4) « (r«. 

In the lasb case, for oxamplo,* 

«= ■ g (-3. 1) _ 14400 2(r> 

(- 1 , 2 ) (- 1 , 0 ) (- 1 , 4 )* t/ 6 <rT’re^'. <r‘ 

where r=»|(V6 + l). 
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Stress Distribution in a Heavy Circular Disc held 
WITH ITS Plane Vertical by a Peg at the Center 

By 

S. Ghosh. 


1. Ii; ti^e present paper, a solution is given of tfas problesi of 
the determination of the distribution of stress in a heavy iiiroiilif 
disc, held |n a vertical plane, by a peg at the centre. T^e probltta 
is considered as one of generalised plane stress and the stress function 
X introduced- x is determined in two oases. In the first, the peg |g 
assumed to be rigidly fixed to the disc, so that it exerts thrust* on 
% disc across the upper half of the common boundary anil t«aiioai 
across the lower half. In the second case, the peg i« iiippoied to li» 
only introduced in the circular hole, so that the peg exerts traotioni 
on the disc, only across the upper half of the common boimdary. 

2. We consider the disc to be a circle of radua a, with m im»ll 
concentric circular hole of radius 6, which is also the bouiidary of 
the peg. The origin is taken at the centra of the dko, tli« m'm of 
«, vertically upwards, and the axis of y, horwontnl and In tli« 

of the disc. If .we consider the disc to be in a h tat# of 
plane stress, the stress equations of equilibrium are 




ax 


M^ — W *SB 0. 


ax 




a® ay 

where w is the weight of the disc per unit are* 


t^r, 

by 


'w 0. 


These equations are satisfied by 
ay® “ 


+1 


y 9 ^X 1 

Bolikat X^ + Y|, =: vfy. 




f3| 
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But X^ + Y, = 2(V + ;i)A, 

where A' is the plane stress constant and is equal to 2A/i/(XH-2/i). 

The equations of equilibrium, in terms of the displacements, are 

{X' + fi) - w = 0, 

+ + JU\^^V = 0, 

from which we get Vi^ = Ot 

BO that X satisfies the equation vfx == (3) 


If we transform to polar co-ordinates, with the origin as the pole 
and the axis of x as the initial line, the tractions given by (2), are 
equivalent to 



4 ■1^ + -^-^ + i-u;roo80, 

r* 0(92 r ar 2 




1 

2 


■wr cob6, 


re 


0 r y r 0 0 y 



wr sin^. 



3* Let us assume that 


A(r(9 sin 9— 1 logr cos 9) + Br^ cos^ + ^ cos0, 


A'+2/x 


( 5 ) 


which obviously satisfies the equation (3). The terms sin^ and 
r logr 0080 give rise to many-valued displacements, and we adjust the 
co-effieients in such a way that the displacements become single- 
valued. 


With the value of x given by (6), the tractions (4) become 


rr 


t9 


69 


1 1 

.+ + 

^ + 2Br - 

20 , 

■pr 

OOS0, 

_ /* 

~ + 2Br - 
r 

20 , 

8in0, 

A' + 2ju 

_ 

~ + 6Br -h 
r 

20 - 
_ - J«;r 

0080. 

A'+2^ * 


(6) 



STRESS DISl*BIBtTTION 


The rim of the disc, being free from stress, M^e have i 

rr=0, r^s=0, 

when r^a. 

The peg exerts a vertically upward force on the disc, equal id the 
weight of the disc, and we assume that the force is exerted by the 
surface tractions — 


rr=-pcos(9, fd==0, 

when r—bf, 

Hence from (6), (7) and (8), we get ' 
+ 2Ba 


2A' + 3p 

A 

A^ + 2/* 

’ a 

— P 

A 

A' + 2p' 

*a 

2A' + 8/t 

A 

A' + 2p 

ty 

, 

A 


+ 2Ba 


k' + 2jn' b 


+ 2Bft 


™ + iwa « 0, 


a 

20 

a3 


wa =» 0, 


20 . 1 I. 

JW + 2 ^^ ” 


20 

63 


Wb sa 0. 


( 8 ) 


Solving these equations, we find^that 




4(A' + 2/t)-Pi:p 


4(A' + 2/.)*ai^ + 62* ^ 6 


+ 4«;, 


(9) 


The resultant force on tbe boundary r= 6, of the disc, fgrtioally 
up wards and is equal to 




p cos2(9. hd$ = |^6p = ;r(a2~6i)tt,, 
and this is equal to the weight of the disc. 


4. It is to be noted from (8), that the traction across rmht ig a 
thrust on one half of the boundary, and a tension on the other half, 
so that our Assumption can only be vali4» .if the peg is rigidly fixed 
to the disc- If this is not the ease, it is quite probable that the disc 
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is in contact witli the peg, only along the upper half of the circle 
r=b, so that the action of the peg on the disc, consists of thrusts, 
oh% on the upper half of the boundary t== 6. In this case, we replace 
the condition (8) , by the following : 

s,;5Whenb;r=;h, 

= - P cos^, 


and 


= 0 , 

r$ = 0, 


-TT ^ 


( 10 ) 


Expanding this surface value of n in a Fourier’s series, we can 
write 

rr — Jp cos 0 (-1) '-7—5 — r-, 


,Tr mm 1 


4w‘^ — 1 


( 11 ) 


re = 0, 
when T = ba 

We now assume 
X = Aor^ + BJ log r 

+ Ai(r 0 sin 6— 


1 
X) 

+ S 

tn* 1 


U * ■ * ““C 

—9— r log r cos 9) + B i r| cos ^ ^ cos 0 
A' + Jsp r 


A_ r2»»4.®2w J_n_ r2m+a j_ ^ 2m ' 


cos 2mi9, (12) 


which is obviously a solution of (3). Substituting in (4), we have 

cos 0 


" = 2Ao+ + 


X'7h2p- r ^8 




X 

•:s 


2m(2w»-l)A r2m-2^ + ^2>» 

+ {2m - 2) (2m + l)C 2 my^’”tHbX-— 




A'-l-2p r 


1— +2Bir- 


20 


1 - 


wr 


sin"5 


cos 2m0, 


X 

W. S 




2«.(2m - 1)A2„ ,2"-2_ 

■ ;+ 1 ) 00 ^ r ,2^(2w --l)D 2 w 

^2^ 


sin 2m$. 



STEESS DISTEIBUTION 


The conditions (7) and (11), then give 
2Ao+ -0, 2Ao+ 

<l2 OT ~p 

^1 , a,. 2 Ci 




A' + 2/i* a 

and for w ^ 1, 

2m(2m-l) + A!i!?^±l^E^;(2m-2)(2m + l)C,„^ 


^ J2m j-2)(2m-l)D,„ 

Yf 

2m(2m-l) Aj,62”-2 + (2,„_2) (2m + l) Os'^bi” 

2m (2m-l) A,„ 2m (2m + l) C„„ aS. 

= 0 

a2m 

2m (2m-l) Aa„ b'"-^ - (2m + l) Ca„ b»« 

_2m{2m-l)IX„ 


Solving these equations, we have 

B. = 


0 grp'iTp) 

Ai = — I wa®, 


B 


•0 

M wa® 


4 (A' f 2;*) 4® + p **■ i**'' 


i.l 60 


S. GHOSH 


^ _ /A wa‘^b^ (a^ — h^) 

^ ' a^TT^* ' b ’ 

and for m ^ 1, 

4m (2w-l) Bgm A^m = - (2m - t 1) Pg^, a® 7 - Qsw 
4m {2m + 1) Eg^ 63 ^ = a4«+2-(2mH-l) a^, 

2 {2m + 1) E 2 fn CJgjw “ Qm> ^ {2m ~1) Egm “ Q 3 f?i> 
where 

P5» = (-1)". - , J(2w + l) b-**’ 

TT ( 4 W‘^ — 1 ) 

_(a-4«i+2_5-4OT+2) 

Q 2 ». ° (-I)". ■ ,, [( 2 m - 1 ) (a°-ba) 6 a..»a 

JT (4m -^ — l), 

-'i' + ^£l4«i+2_54»»+2) 5-2»>+2J^ 

F= (a4'»+2_64»»+2) (a-4«+2_5-4«+2) + (4^2_l) (a 2 _ 52 ) 2 _ 

The force exerted by the peg on the disc, is vertically upwards and 
is equal to 

jr/2 ’!* 

I p cos®6. bdd ^Trbp = n(a^ — h^)iu, 

-7r/2 

ittMi Ijbds ip equal tq the weight of the disc. 


DiBiABTMBNI Off AbBLIED MATHEMATICS, 
UKivaaaiTy College of Science and Technoloot, 
Calcdxta. 
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Some Polynomials analogous to Abel’s 
Polynomials 

By 

Maurice de Bufpahkl. 


Abel has studied a class of interesting polynomials which are 
defined by 


and can be expressed through the confluent hypergeometric function 
{i.e., Kummer function) by the formula 

P« (a) = e* jPj (n + 1; 1; ^z). 


These polynomials arise from the generating function. 


1 -’hz/il-'h) 

1-h 


n 


oc 
™ 0 


p, (*). 


We propose, in this paper, to study some new polynomials, a 

generalization of Abel's, connected With one of the confluent hyper, 
geometric functions of the third order. ^ 


I, 

We consider the following function 



It is readily seen that P„ is a polynomial ot degree 2n in oon- 

taining only terms of even degree. The first polynomials of the series 
are 

pQ e 1, 

Pj » l—2.sr®, 

Pjj sw 1 — fe® 4''2at'*, 


152 


MAURICE DE DUFFAHEL 


In order to connect P„ with the hypergeometrie function, let 


ui 


take 


so that 


Qn 




s- (*“ »-'*). 


dx 


nl 


Q, 


It is easy to find the differential equation (of the third order) satis- 
fied by (which is not a polynonaial). Let us take 


jj = a” 

3,= i!£.= 

* <te“ 


Qn- 


*-2£C«, 


We have 

= nx”-^ 

so that xm' = ni!s-2x^n, 

and by successive derivation, 

+ ,(2 — n + 2x®) z" + Qxz' + = 0. 

Now let us differentiate the first naember of this equation u times 
with respect to x, remembering that 

. d^z 


dx” 

d”z' 

dx” 


y> 


d”*iz 


r 


and so on. We obtain for y the differential equation 

xy"'+{2x^ + 2) y/f + 4: (n + 2) xy> + 2 {n^ + dn + 2) y = 0. 
To reduce it to a known type, We take 
u = ~ x^, 


and obtain 




n^ + 3n + 2 


V = 0 . 


4 
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Now, the equation 

x^yf"-{x-(y + B + l)} X7j'f-~{x {a + fi+l)-yh} yf-a^y =0, 

is satisfied by the eoufluent hypergeometrie function of the third 
order, 

2 F 2 (a, jg; y, S; x) = ^ ^ 

«»o iy, n) (S, n) * tn\ ’ 

where the symbol (a, n) represents, as usual, the product 

a (a + 1) (a + 2) (a + n-1). 

bo, by identification of the co-efficients, we have 

y = «■ M = «„(*) = ni + ; 1, 1 . 

and we have the required value of P : 

P. W = (^- +1, 

From this formula, we. can deduce a general form for the poly- 
nomial P„. . ^ ^ 

It is known that if we consider two hypergeometrie functions 
(of any order), 

r^t fig' ••• ®)» 

{«!» <^3. ; ^1, ^ 3 . - 

their product can be put in the form 


00 


5 ^ (ajj , w) ... (a,^, ti) ^ ■ 

=0 (^n w) (6,, n) f+p + X 8 + cr ^""^1 ~"”'i ••• <^]i ; 


Now, as 


1 — aj— ti, ... , ... • 


we have 


oFo (x^ 


^ a.2m 


‘V j +4;i. ifi 
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n. 

Lagrang 0 *s well-linown method will enable us to obtain for our 
pdlyhotnial Pn ^ generating funotiozi. It etatea that, If 

u = » + 

then 

/(«) = / (*) +^| ^ ^ <*>]• 


Here we have 

a 

ff (a;) « , > {x) = aJ{ 

hence I . . w * + 


If we differehtiate the two members of the above expansion with 
respect to a?, wo have « 

y, „), I 


or 


I?? = I- 


Multiplying by e* , we have 


— * S . 

n=:0 




or 




"I 

n=;0 


Frond this generating function , we Oan dedude, by a v^eU-linowa 
process 'bf derivation with Vespeot ‘to x ahd h, the reoutrenoo fdrinulcifi 
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for P : suoh as 

{n + l)P„,i-{3n4-l-a?a) P„ + (8rt-l>P„^i P„.2 = 0, 

"^2 + P^n_2 + Saj ^2 Pfi—i Pfi-a) 

We can also obtain an addition formula, as follows ! let us write 
, -{ x ^+ y ^) ( 2-/0 /^/( l -/02 , 

1 — ft- n 

The first member is the product 

(1-/0 S/i’”P«(a5) 5/i'^P, (y); 

m P 

B 0 | by identification* 


P»(VSH+F)= S P„,(x)P^{y) - X P„(*)P,(y). 

m+P«« m+p«>i-l 


in. 

Let us give now some integral properties. If we write 
+ x 


= ' 


I = dx, 

-00 

we have, putting x = n (1 — /Oi 

•hx ‘ 


But 


-X 

+ x 

1 ^ X P„ {x) dx, 

-X 


( 1 ) 


( 2 ) 


1 • ' MAUmCB DB DUPFAHEL . ... ; 

Now, under the form (1), I oontains only the powers of. from 
0 to pj BO, under the form (2), the same fact must ooour, and the terms 
zero, BO that, ■ ‘ • v 


+ 0O 



P,i (aj) dx ~ 0, 


-DO 


iv < n). 


Thus we can write the orthogonal property 


+ DO 



-DO 


Pm (®) Pn 


(a;) dx 


0, 


2m < n or 2n > 


If 2m — w, we shall obtain without difficulty 
+ 00 

' t's- ■ P„, (x) P„„ (x) dx = (-1)» 

J ml " 

-oo ^ 


Now, we know that if /,„ (aj) is a polynominal of order vi such 


as 


+ 0C 


e-’^® a3^./„ (x) - p, (p < m), . ’ 

-oo 


fm is Hermite's polynomial 


U (x) — 




Here we have a polynomial P„ of order 2a, with p<n: so that 
P„ is a sum of Hermite’s polynomials, from U„ to XJa„. 

To obtain this sum, we start from the expression of as a sMes 
of Hermite's polynomials, ■ 

X = 5 an-2j^(n~2s(®)i 

wj^ere tfie a’s are known (jQnatauts, the sum being taken from <y=0 to 
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Q = En/2i We have ' ! ' 






fljn v J ' d"-2« :>j T.- ; 


and 

d» 

da!" 

(it t 0-*. 


BO that 


nlP„(it) =Sa„.j,U2„.j5 (®), 



Obher formulae can be written, oormooting P„ with the polynomiulg 
U. For jiwtan.ce, as 


n I ((C) rafl*** 



il 

da?'* 


'd» 

da!" 




0“-^® .hOj 

ax 


rt * 

da!'‘~i 



i®»u„+oiu„.i-^l. «!» -I- 


and 


’d^oj" 


da!^' 


pi 


wo can write 


»IP„ (a!) = S pi (Oj’)*’ a-'U,.,, 

P "0 

the symbol Oj standing for the number of combinations of n objeots 
p at a time. 

We liave thus obtained a number of properties for our polyno* 
mlals P„, Some other properties could bo written, for instance, the 
expression for P„ as a determinant; its oonnocfcion with Abel's poly- 
nomials; Its properties as a Sturm series, etc. As polyaomials* 
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conneoted with the hypergeomefcrio fuDction of the third order have 
Boaroely been studied, all these properties are interesting, and may be 
extended to other more complicated polynomials of the same type. 


29, Ohiohli Hbsat. 

Stauboui,. 
Tox^ma d'Eoropk. 
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Theory of Skew Rbotanqular Pentagons of 
Hyperbolic Space 

I* Derivation of the set of associated pentagons 

By 

B. 0. BosEj 
Introduotton. 

Ib is well known that to any right-angled triangle on the Hyper- 
bolic plane, there oorroepond four other right-angled trJanglea, five 
fcri -rectangular quadrilaterals, and one rectangular pentagon, any 
element of each of these lator figures being uniquely determined by a 
corresponding eloment of the given right-angled triangle.* These 

figures are shown in Big. 1. Besides those Hyporbolio piano figures 


• Nikolai Jwaowitfloh Lobaeobfeskij, ‘Zwoi Qaoraotrischo Abhancilungon' 
(Lelpaig 1808-09), U and HH, Anraorkungon Yon P. Engol, MS and 250, 

F. Engol, ‘Zur nicbtouklUUechon Goomotrio.' Leipzig. Dcr. Gob. WIpb Mafcb 
Pliy. Klasao, flO, 181 (1808). ' ‘ * 


H. Liebmann, 'ElomontorgeoinolrlBohor Boweia dor pnrnllol Konslniktion and 

neno Begnindung don trignomotriacbou Fomoln dor hyperboliaoliou Gcomobrl* ' 
Math. Ann. (Leipzig), 81, 185 (1008), wmobrio. 

D, M. Y. Sornmorvillo, 'Non-Euolldoan Plano Goornotry,* 7(i, 

H. S. Oaralaw, 'Non-Euolidoan Plano Goomotry,' Oi, 

S. Mukhopadhyaya, ‘Goomotrioal InvoBtigntiona on tho corrosjwndoncoB bokwoon a 
right-angled Irianglo, a throe righk angled qnadrilncoral nnd a rectangular pantacon 
in Hyporbolio Geometry.’ Bull. Cal. Math. Soo., 18, 211 (1082-28). Also Oollootod 
worka. Park I, flrf.flfl, 

M. Simon, ’NiohtoulclldiBcbo Goomotrio' (Toubnor. Leipzig und Berlin. 1035), 
aS and 64 . * 

B, Rooaor, 'Llo komplomontlJron Flguron dor niolitoulcUdiaohon Ebono. ' eitzunffs 
benolito dor Holdolborgor Akadomlo, 2. Abhandluug, 0 (103B). 

R. 0. Boao, 'Tho theory of aBaoolatod nguroa in Hyporbolio Goometry,’ Bull. Ool 
Malb. Soo.. 1& (1028), 100. 
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there is also a spherical star pentagon (carrying five right-angled 
triangles) shown in Fig. 2,* whoso elements are also uniquely 



* In lodicatmg (he elements of the various triangles, etc,, in Figs. I end 3, wo 
have followed the usual notation, vh., y, x, ^ denote t ho angles of parallelism 
corresponding to the distances n, 1), o, l,m respectively, V, A', / donoLo 

•angles complementary to while a', b',c\l\ denote the distances of 

parallelism corresponding to the angles a', j9', y, x', 
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determined by those of the given right-angled triangle.* The twelve 
figures taken together form a system of associated figures, the exis- 
tence of any one figure ensuring the existence of the rest. ; The 
object of this paper is to show, that f ho Icnotvn syatem of associated 
figures, is only a degoneraU case of a more general system, vh„the 
system of 12 associated slceio rectangular 'pentagons, in Hyperbolic 
3-spaoe, The. geometrical inter-relations between the figures of the 
generalised set, and the bearing of the theory of groups on the matter, 
will be studied in later papers of this series. 


Oomplox sogmcnls and skew rectangular pentagona. 

^ 1. Certain preliminary generalisations are necessary, in order to 
build up a general theory of associated figures which should include 
within itself the theory of associated figures, (depending on five ole;, 
ments) of the Non-Buclidoan plane goomotries. In the present section 
we first introduce the idea of the oomplex 86 gmo 7 it (and its measure) 
and derive some of its elementary properties., The sJmv rootangulaf 
pentagon hnsTili defined, and it is shown that right-angled triangles 
tri-reobaugular quadrilaterals and rectangular pentagons of the Hyper, 
bolio plane, together with the sphorioal rectangular pentagon, can be 
regarded as degenerate oases of skew rectangular pentagons. 

2. The figure formed by linos p and q in Hyporbolio spaoe 
may bo called a oomplox segment pq (Big. 8). The oomplex segment 
Pd is said to bo proper, when p and q are not parallel. In this case- 
p’and ^possess a oommon perpend ioular r, which may be called the 
axis of pq. The complex segment n is said to be improper when 
p and are parallel. 

A tramformsiion of Hyperbolic space which is (he resultant of ah 
even number of rofleotions in planes, may be called a rigid motion^ 
while the resultant of an odd number of rofieotions may bo balled a 
symmotrio transformation, .... , r ■■ 

* Nikolai JwQnwIfcaoli LobnsclifoHklj, loo, cU,, 10, Also ‘Tlioory of Parallels' 
(lianBlalion by G, B, Halatend), SO. ■ . 

. ; 38. Rooaer, ‘Nose SHtsse llbor sphIJrleclio und liyperbolUohe Plbifeoko,* Bitawrltfe. 
Irtrjolito dor He|dolbergor Alcudoraio, 10 Abhandlung (1020), 18, 

D, M. y, Sommorvillo, ’Non-lDuolidcnn Qoomotry, 06, 

M. Bitnon, loo, oil,, 75. 
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Two complex segments pg and Po3o congruent 

when there exists a rigid motion, transforming p to po o^nd g to go* ^^^oy 
may be said to be symmetric, when there exists a symmetric trans- 
formation converting p to po and g to go- 


To every ‘complex segment we now want to assign a number 
whidh is invariant under the group of rigid motions, i.e.t we require 
all congruent. complex segments to correspond to the same number 
andconverselly, all complex. segments corresponding to the same number 
to be congruent. This can bo done as follows :■ — 


Firstly, let the complex segment pg be 
proper, and let r be the axis of pg. Let us 
assign an arbitrary positive sense of trans- 
lation along r. We can then assign a 
positive sense of rotation around r, which 
bears to the’ positive sense of translation 
along it, the same relation, which the rota- 
tion of a right handed, screw bears to the 
translation of the screw. A screw motion 
about the oriented axis r can be charac- 



terised by a complex number d + i^, where d measures the trans- 
lation along r, and 0 the rotation around r. Of course, d is a 
positive or a negative number, according as the translation agrees 
or disagrees in sense, with the assigned positive sense along r, 
and the same holds for 0. Consider now the screw motions which 
convert p to g, Let F and Q be the points in which the lines p and 
q meet r, and let p^ be the line, in which the plane pr meets the piano 
perpendicular to r at Q (Fig. 8). Let d be the distance PQ measured 
positively in the assigned sense along r. Then a translation d along 
r brings p to p'. Next let a rotation through 0 about r measured 
positively in the ^kssigned sense, bringp'tog. Then d + t0i8aBorew 
bringing p to g. If n is any integer { + ve, zero, or — ve) then 
d + i{f() + n7T) would also characterise a screw bringing p to g. It is now 
to be remembered that the positive sense along r was arbitrarily assigned. 
If we had reversed the positive sense, we should have arrived at the 
complex numbers — {d+i(0 + W7r)}, as char aotori sing the screws 

bringing p to g. Thus starting with the proper oomplea segment pg 
W6 can arrive at the set of numbers ±{d + i {<f) + nn)}, They will 
be called the set of measures ofpq> (1*20), 
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To any improper oom'pUx segment pq ive coventionally asaian Ou 

sot oj measures inn, (1*21) 

The sot of measures of a complex segmnt ^ is independent ^the 
order Pt q, (1*22) This is evident wbon pq is improper. When pq is 
proper, letrbeasbeforetheaxisofyg. Then the roaulb follows by 
noting that, with an assigned positive sense alongr, the screws carrying 
p to 5 are oharaoterised by the same complex numbers as the screws 
carrying q to p, with the positive sense along r reversed. 

Since lengths and angles are invariant under rigid motions, and a 
right handed system of axes is converted into a right handed system, 
it is clear that the set of meas^irea of a proper complex segment fa 
invariant under rigid motions. The same is seen to be true for improper 
eomplox segments, (1*28) if wo note that a rigid motion converts an 
improper complex segment to an improper complex segment, and 
that any two improper complex segments have, by our oonvontiort, the 
same set of measures. Oonversoly, it is easy to seo that two complex 
segments with the same sot of measures are congvueni), (1'2:80) 

To assign now a unique number to every complex segment, two 
methods are open to us. The hrat method is to roatrlob elmd <p m 

that they satisfy oDo of the two following relations { * ■ 

d>o, ■ -nl2<ti> ' 

d»«o, 0 ^^^7r/2. . 

The point dH* If/), if represented on the Argand diagram ((Jouss, 
plane), now occupies a region lying to the d-vo side of the axis of 
Imaginaries and bounded by the axis of imaginarios, and two lineB- 
parallel to the axis of reals at a distanoo ff/2 on either side of . it 
those parts of the boundary which lie to the negative sidp of thti 
axis of reals, being oxoludecl. We oan oall this domain on the.complex 
plane, the fundamental domain. It is shown in Fig. 4, qb the shaded 
region, excluded portions of the boundary being shown by broken' 
lines. Among the measures of a complex a ogment, one and only one 
lies in tho fundamental domain, and wo oan oall this the principal 
measure of the eomplox segment, (1*20) 

It follows from (1*28) and (1'2»^), that two oongruont segindnis ». 
have the same principal measure and oonveraly . (1*26) We shall use 
the notation, (pg) to denote the , principal meaBure of ..a oompie? 
Bpgmont. Again, it follows from (1 ‘22) that 

(1*2T) 


0 
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This will otherwise appear a little later when we establish 
that there exist rigid motions, interconverting p and q {of, I’OO 
and 1'83)< 

The second method would be to introduce a many. one trans- 
formation of the complex plane, which takes over each of the numbers 
±{d + i(^+n 7 r)} into the same number x+iy^ while the reverae trans- 
formation takes over (a; + II/) to any of the numbers 4 :{d + t( 0 -l-W 7 r)}, 
but to no' other* Such a transformation is provided by (a; + iy)=s 
tanh2(d + iV), It converts what we have called the fundamental domain 
into the whole complex plana. Thus, if d + if is any measure of a 
complex segment, we con call x + iy the transformed measure of the 
segment. To every oojnplex segment, then corresponds a unique 
oomplex number x + iy, which is iho irans formed, measure of the 
segment, 'and conversely to every complex number x + iy, there exists 
a system of complex segments, all oongruent to one another, whose 
transformed measure x + iy is.* (i’ 28 ) 

‘ 8 . Before further developments are possible, certain elementary 
properties of complex segments are required, 

,liet be a proper complex segment with axis q. Lot and O'l 
be the^ two planes bisecting the dihedral angles between the plones 
qt^ and qt^, and let p be the plane bisecting” perpendicularly the 
shortest distance between and tg. Then the lines Pt» Pi' 

• Tba introduction ot tho iin Una paper, is made only for bringing tlio Invoati- 
gationa here, in line with analytical devclopraents to follow in lalcif papers of this sorios, 
So far aa the requirements of the present paper arc concerned, we might have defined 
the measure of a segment by the rmmler pair (i, <f>), where d and satisfy the rcatrio- 
tions (1 34), The functions considered in § 2, would iht-p act cn stich nujnher 
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whioh the plane p meets the plane (I)i and c&i'raapeotively may 
defined as the rigbt-biseotors of the complex segmenti (Fig, 6). 
To disbinguish between <I>i and <D', , we may proceed as follows. If Qa, 
Ua' be the points at infinity on and the points at infinity 

on .f 3, then we can take <hj to bo the piano, which biaoots the 
diherdal angle between the half plane 21 having" the edge q and 
containing fig, and the half plane having (he edge q and containing 
-(13, In the same way wo can take to bo the plane > which 
bisects the dihedral angle between the half-piano and the 
half-plane having the edge q and containing 



Let Ta and Tg be the points in which and tg meet q, and let 
Pj be the mid-point of l’«jTg. 'Jhen it is clear that the right-bisectors 
Pi and Pi^ pass through P i, Let and Kg be tho planes perpendi- 
cular to q and passing through Tg and Tg' roapectivoly. A reflection 
in the plane p interchanges the planes Kg and Kg, while a reflection 
in the plane <I),, intorebanges tho plane qi^ with the plane qt^ (the 
half- planes and 2}g' being intorohaugod), Honoe if the two reflec- 

tions follow one another, tho line whioh is the Intorsootlon of the 
piano Ka and the plane gigi would be Interchanged with the line tg 
which is the intersection of the plane Kg and the plane gfg, Since 
the half-plane is interchanged with 5lg/, the point at 
Infinity % onfg is interohanged into the point fig on tg. The 
other point at infinity Og' on tg Is interchanged with the other point 
at infinity fig' on tg. Now the resultant of tho two reflections Is no- 
thing else than a rotation through an angle a* about pi. Honoe we 
oomludo : a rotation through an anglo if, almit any right bisootor of 
a proper complex aogmeni, inlorchangca iho arme of tho complex 
eogmoni, ( 1 * 80 ) 

Since the rotation through an angle n about Pi interohangea flj and 

as also fig' and fig', the linos flgl^s and fig' fig' must meet pj 
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perpendicularly. In the same way, it appears that the lines 
.and. O2^^3'^^e0t pj' perpendicularly. Since the common perpettdi- 
.oular to two lines is uniquely determinate, we can otherwise state the 
above result in the form: . Any line perpendicular to the axis q of 
a proper complex segment and also io one of the four common 
parallels io fg ^3, rmist he one of the two right hiseotors of the 
complex segment ( 1 ' 81 ) 

So far we have dealt only with proper complex segments. If 
is an improper complex segment, then ^2 *^nd are parallel, and 
have a common 'point at infinity. We may thus take O' 2 and O's as 
coincident. In this case our previous definition of the right bisectors 
breaks down, We may however call the line pj which is perpendi- 
cular to the common parallel O2O3 and passes through O'g, the right 
bisector of ^ ^ , It is then easily seen, that a rotation through an 
angle n about the right hiseotor p ^ 0/ an improper complex segment 

igfg interchanges t^ andt^, {i’^ 2 ] 

4 . Any trianlge, all of whose angular points are at infinity, may 
be called an asymptotic triangle. The following property of the 
asymptotic triangle will be subsequently used, 

Lemma. If aline q possesses common perpendiculars pj, p^, 
with the sides OgOs, OgOi and 0^02 0/ an asymptotic triangle 
OjOgOs and t/ t), ^2, tg are lines perpendioxilar to q and passing 
through Cly, 0 ,^ respectively, then the righi-biseotor^ of the 
complex segments p^i^, p2i2 Vsi's coincide reapeotively with the 
right-bisector 6 of the complex segments p^pg, pspi ViVa 

(Fig. 6). (rW) 
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Let Tj, T2, Tg, Pj, Pg, Pg denote respectively the points at 
which the lines ti* tg, tg, Pi,p2>pg meet q, and let ®i»a52' iCg, 
VitV^iVst denote the distances of these points from a fixed origin 
0 on g (the distances being measured positively in a fixed sense 
along g). It follows from ( 1 * 81 ) that Pii Pg, pg are rospeotively 
right-biseotora of the complex segments and TJ^. Henoo 

P,, P2, Pg are the mid-points of TaTg, TgTj and TjTg respectively. 
Therefore » KaJa + a^s), 

Vi ~ 


2/3 “ + !Ca). 

The distance of the mid-point of PiTj from 0 is ‘ 

i (SiCi+aJa + aJg). 

Also the distance of tho mid- point of PgPg from. O is 
i (Hz + Vd) - i 

Hence the mklpoint of PjTi coinouJee tvith the inklpoint of 
PjjPg. Denote this point by M. ( 1 ’ 41 ) 

Denote by 5l2'i ^3' tho half-planes ivith the edge q 
and containing tho points f2i, Og, Og respectively ; and by tSj, {Dg, 
<Tg the planes passing through g and containing the lines pp pg, pg 
respectively. A rotation through an angle ;r about pi, interchanges 
ta and <3, being interchanged with Qg, Henoo the half-plonos 
and are interobangod, while <l>i is 
unohonged, Hence they are equally in- 
olined to <&] in opposite senses. Now let 
X' be any half-plane with the edge g. Of 
the two half- planes in which is divided 
by g let <[>i/bQ that which is separated 
from X by and Let (Tg', </j'i 
be the angles (lying between 0 and 2n) 
through which x has to rotate In a fixed 
positive sense round g to arrive at i^a'i 
and <I>i respectively (Pig, 7 ), 

Then <}ii' (cri' + try). (^.^2) 

The line g divides into two half-planes, of which let a>2' be 
that which is separated from x by :§,/ and Sa'- In a similar manner 
wo define the half.plane <I>3\ X^^et orj/, ./.'a, be angles through 
which X has to turn in tho assigned positive sense round q, to arrive 
at eba', tbg/ respeotivoly. Then analogous to ( 1 ‘ 42 ) wo have, 

« Ko'8''bo‘i0* 



Fig’. 7 




(I'W) 
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The angle through which x has to turn in arriving at the Imlf- 
plane bisecting the dihedral angle between. and tl>i^ is 

+ = J(2o-i' + a'2/ + (r3/), 

and the angle through which x has to turn in arriving at the half- 
plane bisecting the dihedral angle between and 08^ is. • 

“ ifSo-i' + crg'+o-g/). 

' . Consequently the half-plane bisecting the dihedral angle between 
and <I>3/ coincides, with the half-plane bisecting the angle between 
25|^andC>i^ If den'ites the complete plane of which 5 3^ is a 
part, then the two planes which bisect the four dihedral angles con- 
tained by and d>i, are identical with the two planes which bisect 
the dihedral angles between <1)2 ^1^3* Taking into consideration 

the result (1*41), it follows that the two lines, in which these 
two bisecting planes meet the plane perpendicular to g through M, 
are the right-bisectors of both the complex segments and 

In the same way, we can prove that the right-bisectora o£ the 
complex segments and p^t^ coincide respectively with the 

right-biseotorB of the complex segments and j^pg. 

6. Qiven two lines pj and q interseoiing perpendicularly at Pi, 
it is requited to find a line intersecting q perpendicularly, and forming 
with Pj a complex segment of given principal measure ns “ d + t^. 
We shall shoio that there are only two possible positions of the required 
line, which are interchangeable by rotation through an angle n about p^. 
(1 80) The complete set of measures for the complex segment 
in question is ± {d+i{f+nn)}. The line q will bo the axis 
of the complex segment formed with Pj by the required line. 
Let us assign an arbitrary positive sense 
of translation along g, This also determines 
a positive sense of rotation around g as ex- 
plained before. Suppose a rotation through an 
angle ^ about the oriented axis g brings Pi 
to li, and a rotation through an angle — 
brings it toll' (Fig. 8), T’urther let a.fcransla- 
iion through d along the oriented axis g bring 
^1 to f2, and a translation through —d about 
the same axis bring to ig. Then clearly all 
the screws {d+((^-i-n7r)} take, over Pi to ^21 
while all the screws — {d-i't(^-l'ijff)} take over Pj, to ^3, If wo reverse 
the positive direotin along g, we arrive at the same lines ig, fg bub in 




SKEW RBOTANQULAE PENTAGONS OF HYP BUB 01,10 SPA OB 169 

the other order. Hence and tg are the only positions of tho required 
line, Let and ig meet q in Tg and Tg respectively. Now PiTg-ta 
TgPj d. Hence Pj is the mid-point of T2T3, Thus pj lies on the 
plane p bisecting the shortest distance TgT^ between tg and ig. The 
planes qt^ and gtg are identical with tho planes ql and qV, and are 
therefore equally inclined (at an angle to the plane gpj. Hence 
the plane qpi^iseots one pair of dihedral angles between tho planea gfg 
and qf g. Since p , is the intersection of the plane p and the piano qpi, 
itis by definition, a right bisector of the complex segment, Hence 
from (1*30), a rotation through an angle a- about interohangos to 
and tg, ® , 

6. Five lines pi, pg, pg, niay be said to form a skew 

.mtanguUr pentagon PiPaPgP^Po, if p, and p^, p^ and p^, p^ md 
Va* Pfi and Pi intersect porpendioularly, Each of these 

lines may be called a aide of the pentagon. The principal mgagures 
of the complex segments pgpg. p^pg, P3P5 / may be 

said to be the elementa of tho pentagon, 2f those mcaawea are. 
«l, ^ai ^8' ^4* ^6' pentagon may ho donated by any one of the 

Un equivalent aymhola obtained from 

{^ii ^2> ^8» ‘ 

by all, possible oyolio and antioyolio permutations. 

Any element of a skew rectangular pentagon may be said •(o’" 
correspond to that side of tho skew reotongulnr pentagon, which 
forms the axis of the complex segment, of which the olomGht'i'n - 
question is the measuro. Thus «g corresponds to tho side pg, siaoe 
Pg is the axis of the complex segment ^ap^ of which tho measute 
is »g. To every order of Avriiing down tho aides of iho show rect- 
angular pentagon, we can aaaooiato one order of ioriUng down (he . 
elementa, ThuSf if the elementa ^1, ^^2, ^fg, corroapond to 

ihc aides Pi, p.ji Pg, P4, Pg roapeciively, then oorresponding to fhe 
order pg, P2, Pi, pg, p.^, of writing down the aides wo have the order 
{»», »2» ^4} of writing down iho elementa, (1*60) 

Two skew rectangular pentagons may bo said to be oongruent, 
when there exists a rigid motion by which the oorrosponding sides 
of the pentagons may bo brought into ooinoidonoe. It follows from 
(1*26), that t/io oorreaponding elementa of two oongruoni pontfigona 
m equal, (1’61) 
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7i Any two consecutive elements of a skew rectangular fontagon- 
completely determine all the other elements-, (1*70) 

Let the elements and be given. Let pi and pg be any 
two lines- meeting perpendicularly at 0 (Fig, 9). Let us try to find 
lines Pjj, p 3 , P 4 such that they together with pi and pg form a skew 
reotaugular pentagon for which 

(PgP.^) = »l, (Ml) = 

There are only two possible positions of the line Pg satisfying the 
required conditions, and these are 
interohan geable by a rot ation 
through an angle n about pg {of, 

1*60). Denote these two positions 
hy Ps' and p^". Likewise there 
are only two possible positions of 
P 4 , say p 4 ,^ and pj' which are in- 
terchangeable by a rotation 
through an angle n about p^. 

Fig. q , 

Sinoe Pg is perpendicular to p^ and p^ there are four possible posi- 
tions for pg, aw., pg' the oommon,^pcrpendicular to Pa' and p^', p^i* 
the common perpendicular to and P 4 ^^ the comtnoQ perpendi- 
cular to Pz" and and pg^^ the common perpendicular to and 

P/' ■ 

Since a rotation through an angle n about p^, interchanges p^' and 
P 4 ^^ while it leaves p^^ and p^'f unaltered, so this rotation iDterobangfs 
Pg'wilhps" and pg'" with pg^". Likewise q rotation through an 
angle -n* about pg, interchanges pg^ with pg* ** and pg'' with p^»'. 

Thus of the four skew rectangular pentagons PiPjj'Ps'Pn'P/i,- 
VvV2"Ps'" Vi"P6‘Vi P/ Ps'" P^'Pg. the first is 
interchanged with the second and the third with the fourth by a 
rotation through an angle JT about Pj, while the first is interobangocl 
with the fourth and the second with the third by a rotation through 
an angle ir about pg, Hence the four rectangular pentagons must bo 
congruent. Hence elements and with which we started, 
unambiguously determine the other three elements « 3 , via., 

- (Pips') = (PiPs'O « (PiPs'") = (PiPs'‘')> 

«3 == (PaW (Pa'Pi") - (Pa"p4") « (P,a"PV)i 

'^4 = (Ps'Pe) ^ (Pa"Pe) = (pa'^'pa) « (ps'^P^)* 
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Corollary. Two ilmo rGctamjMlar'pcnUgonst in wliichitvo. corKaovtftjo ' 
eiemenis of the one are equal to two vonseoutm elovients of the ptiKer; 
ate [ihemsolvee congruent, (1*71) For, wo can, by a rigid motion, 
bring into ooinoidenoe, the two sides of t ho first pentagon, wMoh 
correspond to the given elements, with tho two corresponding sides of" 
the second pentagon. Then from what has been proved above, oithor 
the two pentagons will ooinoide, or they can be made to ooipoide by a 
further rotation through an angle n about a lino, 

8, We shall now show that plane right-angled triangles, tri- 
rectangular quadrilaterals and rectangular pentagons, as also spherical 
rectangular pentagons, can be regarded ns special types of skew 
reotangular pentagons. 

,.X^et ABO be a plane right-angled triangle, right-angled at O' (Fig. 1). 
Let AL and BM (nob shown in the figure) bo supposed to be drawn 
pwpendloular to tho piano of the trionglo, Then tho right-angled 
triangle ip question may bo regarded as a skew reotangular peptagon ' 
with sides OA, AL, AB, BM and BO. If tho 'plane nghUangU^ irimglo 
han the hypotenuse o, sides a and h, and angles \ and oppoeite fo ■ 
these sides rospeotivoly (as shown in Fig. 1), then the equivalent shetp * 
reotangular pentagon has tho elemetita, 

{a+/ff/2, 0, /\, t-f (tt/S}. (1 ■$()), . 

Aj^oin, let PQWS bo a tri-rootangular quadrilateral acute-angled ot 
P '{FIg. 1). Then it may bo regarded as a skew rootangular pentagon 
with sides WQ, QP, PN, PS and SW, where PN (nob shown in the ' 
figure) is perpendicular to tho plane of tho quadrilateral. If the 
iri^TcetanguJar quadrilateral has (as shown in Fig. 1.) the sides o, m', a, I, 
reolconod in order, the first and the fouTth of those sides ooniaining the 
aoute at^gle / 3 , then the oqxiivalont skcio rootangular pentagon has tho 
clepxenU 

{in', o-htV/2, t/S, l-j-irr/2, rt}, ({’§!) 

Next suppose XYZUV is a spherical rootangular pontugoA with 
sides Xy » A,*l-n'/2, YZ « 7'l'7r/2, ZU «=» /r + a/?, UV f — VX 
and carrying tho five sphorioal right-angled triangles 
wiDb eleinenbs shown in !Pig, 2. Let P, Q, B, S, T bo the poies p( tho 
arpQ VX. XY* XZ, ZU and UV rospootively. If 0 is tho otinbro p| tho 
sphere on which the spherical rootangular pentagon is then 

7 
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it may be regarded as equivalent to a shew reotangular pentagon with 
sides OE, OQ, OP, OT, OS and having the elements 

{iV/2*-y). i{n/2-X), ia,i /3, i(7r/2— ^)}. (1*82) 

Finally, it is obvious that a plane reotangular pentagon ABVY'W 
(Fig. 1) with sides a’, o, h', I, m reckoned in order, can be oonsidored 
to be a skew rectangular pentagon having all its sides coplanar, and 
possessing the elements 

{a’, 0 , b', w}, (1‘83) 

§2 

Tbe bIx fundamental funotions, 

1. There ore four functions in ordinary Hyperbolic Oeometry, via,, 
the II function carrying the segment a to the corresponding angle of 
parallelism a, the A function which la the inverse of the 11 function and 
carries a to a. the complementary function which carries a — A(a) to 
a> = A(n-/2-a) and what we may call the dual complementary func- 
tion which carries a to oJ 7r/2 — a. To these four funoiona we should 
also add the identity which leaves an element unaltered. These 
funotions fail to form a group for the simple reason, that H and the 
complementary function operate only on segments ( strictly lengths), 
while A and the dual complementary function operate only on angles 
(strictly measures of ongles). If the elements of any one of the known 
associated figures (Figs. 1 and 2) are given, the elements of any other 
associated figure are connected with the elements of the given figure, 
just through the medium of the above mentionod functions. It is 
therefore necessary to Investigate funotions, which in the general 
theory of associated skew rectangular pentagons should play the 
corresponding role, We shall show that there exists a set of six 
fundamental functions 1, f,gth,<a and (of which the known 
functions of Hyperbolic Geometry are, in a oortain sense, the degenerate 
oases) which are just suitable for our purpose. These functions 
operating on complex segments convert them into related complex 
segmonta (more strictly principal measures of complex segments into 
principal measures of related complex segments) , and build a group, 
which is simply isomorphic with the group of rotationSj converting an 
equilateral triangle into itself. We shall next study a certain allied 
transformation of Hyperbolic Line-Space, which occupies a central 
plac'c in th© fi|rth©r development of our theory. - 
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2, The iunoiion f , 

Def, Tho two poiaba at infinity on a abraight line, may, after 
Hilbert, be called the ends of that line. 

Lot u and v be any two lines forming the complex segment wlT 
with principal measure « = an* a. Denote by s the common per- 
pendicular to u and v and let fi denote one cad of u, Draw tho lino t 
perpendicular to v and passing through Cl (Fig. 10). Lot «* « a* 
be the principal measure of tho complex segment 

at. 

Starting with any complex number ^ of the 
fundamentol domain, we can thus arrive at 
another complex number of the same domain, 
associated to the former through the goomotri- 
oal construction given above. 

In order to be sure that tho number is uniquely determined by 
0 , we have only to show that we arrive at tho same number, (o) if the 
ilhe perpendicular to V is drawn to pass through the other end of it, 
(t)cif the parts played by u and v in the above construction are 
reversed. 

Of these, (a) is obvious for, if bo tho other end of w, and V 
drawn perpendicular to v and passing through Cir tbon from (1'31), « is 

a right bisector of tho complex segment iv. Hence from (1 *80), a rota- 
Uo'n through an angle rt about a intorohangos f and V while it loaves 

Unaltered the line e itself. Hence tho complex segmontTf' is oongruenb 

i .iio^he, complex segment sf and therefore has tho same principal measure 

as 7i (of, 1^26). 

r?" To prove (t), we have to show that being ony end of t), and ia 
^the line perpendicular to u and passing through a'/, tho complex 

segments sV> ano et ore congruent, Lot p bo the oommon perpend h 

:;:ou|(^F to s and HQ'', Then p is o right bisector of uv (of, 1*81), A 
■^^tien through an angle it about p takes over u to v, Cl being carried 
1*80)* Hence tho line <" goes over into t, while « remains 
:|l.|aoh,angcd. Therefore {it") la (af). 
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We may therefore oonoeive of a function /, dpplioahle to every 
complex number 0 of the fundamental domain, and converting it 
into a- uniquely determinate number 0 / the same domain and state ita 
fundamental property in the following form - : — 

If 8 and V are any two perpendioular straight lines, and u and t are 
lines perpendioular to s and v respeetively, and parallel to one another, 
then ■■ ] 

{st) ^-f{uv), (2’20) 

or denoting (st) and (ui;) hy and z, 

( 2 * 21 ) 

From, the nature of the geomatrlcal oonstcuotion oonneobing 0 and 
it IB obvioua that we also have 

g s= 

i,e,, th fnnoiion f is involutory, md wo mitQ 

( 2 ’ 22 ) 

Two special ftaaea aj.’6 of importance for us, Firstly suppose u 
and y are co planar and possess a common perpendicular of length d, 

80 that then obviously s and t lie in the same x^lane and 

(8t)=5ft/, where 0-^ denotes as usual the length complementary to a. 
"We may therefore write 

f (a) = a', whore a is a real positive number, (2 ’28) 

Next suppose that u and v are 00 planar ahd jnelude a positive 
acute angle a (the distance of parallelism corresponding to a being a) 
then i He'S in ‘the plane of w and v, while a is perpendicular to this 
plane. Obviously (st) = a + i ff/2, We therefore have > 

/ (la) = a + i 7r,/2, / (a + f jr/2) «fa, (2’24) 

where a [is a real positive number, and a lies between 0 and 7r/2. 

8 . "^he funoUon h. 

As before let u and v be any two lines forming the compleV 
segment with axis 8 and principal measure Draw the 

line y perpendicular to s and v through their point Of inter sec tidn 
(Fig. 10). Let 00 principal measure of the complex segment -ht/* 
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Corresponding to ©very oomplox number 0 of the fundamnutnl domain 
we thus get a geometrically asaociatod number of the same 
domain. Hero it is to bo remarked that we ehonld have arrived at 
the same number even if the parts playod by u and d tiro revoraed, 
for if yMs perpendicular to s and u tlirough their point of inloraeotioni 
ilien a rotation through an angle n-/2 about s brings u to the position 
and D to the position y so that (vi/) => (in/). 

Tfa may therefore co7icoive of a fnnoiwn h, a'pjilioahlo io ovory 
coinyUx number 0 of the fundamonial domain, and oonverling it info 
the uniquely determinate associated fvumhor of iho same domain, 
on-d state Us fundamental property in iho folloiuing for in 

If 8 is the common porpendhulur to lines u and v, and y is tho 
line porpendioular to s and v through thoir point of interBGOtion, tJiou 

{yu) « h {vu), (a-ao) 

or denoting {u v) and (w y) by 0 and 0 ^ 

0Q « h (s). 

. ITrom tho nature of tliQ geometrical oonstruotion eoimooting 
and 0 it is clear that we also have 

0 ^ h («o), 

80 that the funoiion h is involutory and wo may write 

h^^l, (a-3;^) 

As before the two special oases in wliioh 0 « «, 
are of importance to us. It is readily soon tliat 

h (a) M a H* ITT /2, h (a -H in*/ 2) « a , 

where a is real positive number ; 

h (la) M i '(fl'/2 — a)j 
where a lisfi between 0 and irfii. 

4. Tho group of six funoiions genoralod by f and h, 

Wo may denote by h f tho fu notional operation, wbioh U Iho 
resultant of first applying tho function / and then ftpplyfng the fun q« 
fcion iito any complex number of the fundamental domitlti, itiid Bet 

H/esw, We shall show that w****! < ■ 


and 0 m ia, 

(a’38J 

(fl'dd) 
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Let Z, w, n be three mutually perpendicular lines meetiog at 0, 
Let p be any line perpendicular to I, making (p m) = and let Q be 
one of the two ends of p. Let q and r be the lines perpendicular to 
m and n respectively and passing through fl (Fig. 11). 

Let us, set 

(a0=»2» W = {rJ)=^f5, (prt)==«o. 



Then by definition 

»a==/ («i). ^8-^ (« 2 )» «4= / (^s). («4)> ^Q~i (»o)i {«o)- 

Therefore «! = hf hfhf («j), 

Thus hfhfhf^l or w^ = l, (2'40) 

The results (2 "22), {2 ’81) and (2*40) taken together show that tho 
functions f and h, genotate a dihedral group Gonaisiing of six olemants. 
If we set / /t / =3 it is easy to verify that tho group under consider 
tion is constituted by the functions 1, f, g^ k, w, ootnhining accord- 
ing to the following multiplication table : — 

1 f g h ti> w® 

/ 1 (a^ (a h g 

' g ti) 1 tjifl f h 

h 0)2 ti> J ' g f : 

h f g 1 (a 

^ g 'h f 1, (2*41) 

For example to find the value of gh, we find that element in the 
column headed by which lies in the row beginning with h. Thug 
gh sa Ct>, 
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If a- be any positive length, a the angle of parallelism oorrespond- 
to a, and a' the length oomplemenfcary to a, it hag already been aeon 
j[o/. 2' 28 and 2 ’82) 

/ (a) = a', h (a) « a+i rr/2. 

Fuither ‘^Ma) = /h(a)-/(a + i 7 r/ 2 )-fa , from (2 '24) 

W (a) ^hf (a) = h {a') = a^ + f „I 2 ^ 

(/ (o) = 0)2 / (a) = 0)2 {a*) =, i (;r/2-a). 

Bumming up we have ; 

/ fa) = a', g (a) « i (n/Q-a), h (a) = « + / 7r/2, 

0) (a) c=! ^ j a'/2, w® (a) *= i a, 

6. The B ‘transformation , 

^ Let y be any fixed line in Hyperbolio Spaoe, and v any 
arbitrary line wich ends 

and fig. Wo can find two lines 
Dj* and 1^3* which have one end 
common with v (i.e., are parallel 
to d) while the lines joining 
their other ends to the other end 
of V intersect y perpendicularly 
(Fig. 12), Then the linos ■Wi*, and 
Vg* moy be said to bo the B-trans- 
forms of V, with rospeot to y, and 
the transformation of Hyperbolio 
Bine -apace which carries over every 
line like v into the geometrically 
related lines, Uj* and -y 3* may bo called the B* transformation with 
respect to y, This transformation inabitubos a (Ij 2) correspondence 
between linos of Hyperbolio spooc. ' 

It is clear that if -Uj* ia a B4ran8form of v w. r. t, y then /b 
afso a B'tranaform of w, r. t. y. (2'flO) If we denote the ends of the 
lines Di as in .Fig, 12, then it is evident that v 1*, are also tbo 
B-transforms of the lino fl,^ w. r, t* y. Thus any two linea, whiph 
aan he interohanged with one another by a rotation through an ^0 
tr about y have the oame two B-irans forma w, r, t. y, (2 ’81) 




R, a. ROSE 


176 . 

- 6 , Tiijiorem, If the lines v and v* are B4rans forms of each 
other w, r, a line y then the common ■perpendiGulars w and tv* 
which y possesses with v and v* meet perpendicularly at a point of y 
and [v*y)f=g {vy) (Pig. 18). (2*60) 

Let Uj, 112 be the two ends of v andO^, ^3 the two ends of 
V*, the liae being perpendioulai: to y. Let be the common 

perpendicular to v and y meeting the latter at the point A and let iv* 
be drawn perpendicular to y and w through A. Now goes over into 



fig by a rotatian through an angle rr about w and goes over into Li 3 
by a rotation through an angle tt about "yi Binoe two rotations through 
an angle jr> about two lines intersecting perpendicularly, are equivalent 
to a rotation through an angle tt, about the line perpendicular to both 
at their point of their intersection, it is clear that a rotation through 
an angle ir about lu* carries to (la. Hence 10 * qaeets the Ifne 0 1^3 
perpendicularly. This proves the first part of the theorem. 

Again from the definition of functions / and ht It is obvious that 
I . k(v^w)y {v*w) f(vw*), (uw^) =» h{vy), 

Therefore (v*!/) ^ hfh {vy) » hoi^{vy) =; g {vy) {of, 2'41) 

■ 7. Theorem. If the lines v and v* are B-irana/orwa of eaoh other 
w. r, t. the line y and x is any line perpendicular to y and posaoeaing 
common perpendiculars u and u* with v and, v^ respeptively (Pig. 
18), Men , , . 

{n* y) = f{vx), {v*x) ^ f{uy), . .( 2 * 70 ). 
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As before let Og be the two ends of t), and ^3 thq two ends 
of V*, bhe line Qa Hg being perpendioular to y. Then fi'om (1*40) 
it follows that the right- biseotora of the oomplex aegment ooinoide 
with those of the complex segment uu*, A rotation through an 
angle Jt about one of these right- bisector a interohangoa y with i' 
and It with «*{o/. .V80), and therefore (u»*y) = (fit) and (iti/) « 

But from the definition of the function /, {tu) = f{vx) and 
Henoe {u*y)^f{vx) and {v*x)-fiwj). 


§3. 

The twelvo assoolatcd skew rootangular pentagons. 

1. Wo are now in a position to show^ that oorreaponding to any 
skew reotangulor pentagon with elements # 4 , « 5 >. there 

exist eleven other skew rectangular pentagons, suob that every 
eleoaent of each of these later pentagons is uniquely determined by 
a corresponding element of tho original pent ogon, through the medium 
of the six fundamental functions studied in the previous seoWon, 
If in partoulnr, tho imaginary part of tho oomplex numbers 
III l 4 i fio vanish, tho original skew rectangular pontogoa 

baoomes a plane reotangularpentogon, while tho oloven other aasooiatod 
skew rectangular pentagons,, roduoo to tho oloveafgures (five right* 
angled triangles, flvo tri-rectangular quadrilaterals, and ono spherical 
reotangular pentagon) known to be associated with the piano reo- 
tangular pontagon. 

3* Theorem. If xuvwy and x u* w* y ho itvo shotv rflo-' 

xancl y common, lohilotho sfrfcB 4 
'■'and'v* ate B4ra7\8fonni of one anoiher w, t, i, y (Ifjg. 14 ). 

iilfe: ^ . > 

{yn*) ^ f{x v), {x v^) « / {■yu)^ (u^ w*) « h (it ly), 
[V^y) « y ivylt (u>%) « hiwx), (S-gO) 

;i :{r common porpondioulars y possosses with 

I in As n and -y* aro B-transforms w. r. t. ^ we 

hfona {2’0u)thatio and must moat porpondioulariy M 
llplie point A of 1 / and V, ’ 7'j 

« g {vy). ^ 
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Again as the line 
X etands perpendi- ' 
oular to y and 
posaesaes common 
perpendiculars u 
and with v and 
V* respectively, we 
have from (2’70), 

{yu*) = / («u). 

[xv^) = i[yn). (3’22) 

Again y is the 
axis of the complex 
segment and te* 
is the perpendicular 
to w and y through 
their point of inter* 
BGotion A* Hence 
from, the dehnition of 





(u)%) = h (wtc). (8‘28) 

Agaia letj/***' be a B-tranaform of y W. E. T. v, and lob it poasosa 
common perpendiculars and tv** with ti and v rospeotively. Then 
the shew rectangular pentagon x** u v to** y** stands exactly in the 
same relation to the skew rectangular pentagon xuvioy, as does 
the skew rectangular pentagon x u* v* w* y (Fig. 14). Hence 
analogous to the results (S’22) and (8*28) we now obtain the results 

(u X**) = / («!/), (« y**) - / («*)» (3'2i) 

(ti «,**) = h (tity), ( 8 * 28 ) 

Eesults (3‘22) and (3‘24) taken together show that 

(^u*) = (yu**) and (ecu*) » (a;*^y), 

BO that two oonseoutive elements of the skew rectangular pentagon 
are respectively congruent to two consecutive elements of 
the skew rectangular pentagon « v to** y**. Consequently the 
two- skew rectangular pentagons are congruent {of, 1,71) and 
therefore 

{u* (v iO**)i 
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or irom (3 ‘25) 

{u* IV*) (xtw), ( 8 . 26 ) 

Beaulfcs (3'21), (8‘22), (8*23) and (8‘26) taken together eonsfcffcuto 
a proof of tho theorem in question, 

Corollary. If {ho lines v and v* are B4ran6forinB of each other 
w. r. t. the lino If and possess common perpendiculars lu and iv* with 
y, and common perpcndioulan u and with any lino x perpendicu- 
lar to y, then 

{u^xo*) = h {uxo), {w*x) — h{wx), (3*27) 

8. The theorem proved in the previous paragraph, at ouoe leads to 
the following geometrical construction, for deriving from a given skew 
rectangular pentagon, another associated rectangular pentagon;— 

Let a>, xt, V, w, y be ^ tho sides of the given rcotayxgular pentagon, 
Talte (too conseoxiUve sides, x, y of ihe given pentagon, and find a 23- 
transform of the sido v opposite to theso, xoHh respoot to the side 
tj, ^ Lei V* he this Bdransform. Than the show rectangular pentagon 
which has for three of its sides the lines x,y and v*, is the derived 
Bhew rcotangular pentagon. The oihor two sides are of oonrse ihe 
common perpoxulhulara u* axid w*, xvhick x and y rcspoGUvoly possess 
with V* (i?ig. 14). (3*30) 

Let «3, be tho elements of tho original pentagon, 

the order of writing tho olomonts corresponding to tho order x, «, 
1^, w, y of writing tho sidoa of tho pentagon. From theorem f8'20h 
it follows at 0D06 that 

(yn*) f{xv)f=»f{^2)t =/(2 fu) i), 

{xx*w*)^h{uw)^h{!Sn), {v*y)^g{wj)t=»g{ff^), 

(ta^a:) « k (laa;) (3.3^) 

The geometrical construotion (8‘80), may be called the B-construc 
tion, It is clear that thero arc exactly ten ways of performing the 
jx . ^ given skew rcotangular pentagon, each way 
;i eprresponcling to one order of writing down the sides (and therefore 
r to one order of writing down the elements) of tho given skew 

pentagon. Tho construction (8 ’80) may be regarded aa 
- idweaponding to tho order xuvxoyoi writing down the aidea, or the 

111 '^ 
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order {»i. « 3 , writiog down the elements of the 

original skew rectangular pentagon. 

Hence we can write : — 

Ij we 'perform on a given sJteiu rectangular pentagon (Pq), wffft 
elements {ni, ^ 3 , »&. i®*, fi'iG B-oonstrucf/on' oorrcsponding ta the 
given order of writing doivn its cU?Jtenf 8 ; iue get an associated shew 
reotangnlar pentagon (P 4 ;*) with elements. 

{/(«2)> /{«i)* (8*32) 

Th the same way by performing on (Pq) B-contruotions correapond* 
ing to the orders {« 3 , ^ 4 > {^ 3 » ^?}i Oi* ^o» 

*s» ^ 9 } {.^6» ^2- ^ 4 } <is80oiated bIcgw 

rectangular pentagons (P 5 *}, ( -^ 1^)1 (^* 3 *)* (Bj*) with elements, 


/ C«s)» (« 4 ), («£s). («l)}' 

■[/ («f4)> ^ (»5)» (^j)i ^ (^ 2 )}^ 

■{/(*T)./(*»B),ft(*2).Sf(#3)X»4)}. (8*38) 

The remaining five orders of writing down the elements of (Po) 
lead to the associated skew rectangular ponfcagons, already derived 
(the elements now coming in a different order), From a given skow 
reotangnlar pentagon, we can thus derive through the B-construction 
ewwihj five nsao dated sliew rectangular pentagons . (8 ‘381) 

If we perform on (P**) the B-consirtiotion oorroepondmp to the 
order of writing down in elements shoion In (8 ’82), we get hack to 
(Pq). (3'332) Bui oorresponding to the order, 

{f 

of uiriffn^ doti?n> its sides, we get the new rectangular pentagon (Px) 

{i hi^a), if {ly). Kg (•»)}. 

tthieh from (2'41) osn be rniiten ae 

{w3 (»’^), «X, <0® («4),,«{«ft)iM(«a)>. (8*84) 
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Id tiho same way oorreaponding to other orders of writing down 
the elomenta of lue can derive from it the associated shew rect- 

angular pentagons (Pg), (Pg), (Pj,) ioiih elemenU 


{w(«4). 

W*(« g), 




o)' 


Ci)(«2), 



{ »3> 




(3’8B) 


Thus each of the five skew reotnogular pentaRons (P^.*), (P^*»), 
(Pj*), (Pg*), (Pg"*^) loads (through the B-oonstruciion) to the original 
pentagon (Pq) and four new skew rectangular peubagona, But it Is 
found that of the 20 new pentagons only 6 are distinot, each being 
repeated four times. They arc ike alceiu rectangular penlngone (P^), 
(Ps)» ^(^ho8o elomenta arc already giveHt and the shetu rect- 

angular pentagon (P^) lotih elomenta 

{w2(«i), w(^^3), w(Ji^5)}, (3*86) 

We have up till now arrived at exactly 10 skew rootangular penta* 
gons besides (Pq). By performing the B-oonsiTUotion in all poasibU 
ways on (Pj), (P 2 )» (Pi0» (£* 4 ) only one netv skew rect- 

angular pentagon (Pq*) with elomonta 

{<?{«2). p(«3), p(»i), (3^87) 

By performing the B-oonstruotlon on (Pg^) wo oahnot get any now 
skew rectangular pentagon, 

We can now state the main theorem of our theory in the following 
fbrmi — 

Theorem. The ISt skew raciangulav pmiagona, (S?q), (P'^)^ 

(Pa)* (P4)> (Pd)» (Po^)i (l?8^)i (1?8*}| {1^4^)r (Pjj*) whof* 

aUmanU wro a/ioian m aohowa holomfornx a syafom of asaociatad 
figutea, i.a,, the cxistenoo of any ono figurt, enawet ih$ exiaicHoa of 
the rest 


(Po)-{ * 1 . 

•gi 

«n. 


>1 

(Pi) 




w(4ra)>, 

(P2)-{m(«i), 





(P3)-{“(»2), 


^8» 



(?.)-{•»(<'«), 

(0®{«2), 




(P »)-{«'(».). 


*0 

Hh), 
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(Po*)- 



f7(«o)» 



(Pl*)- 



g{H)> 

^(^ 2)1 

/(n)}. 

(p-i*)- 




Mh)> 

/(^o)}i 

(Ps*)- 


h(«a), 




(P,*)- 


Mh), 

S'(«4). 


IMh 

(P»*)- 


Hh)> 



/(«9)}. (8*88) 


Corollary (1), From tho way in wliich. the system of 12 associated 
skew reotnngular pentagons is derived, it is clear, that the system is 
closed loith respeot to the B-constmctioni (3*881) i.e,, by performing a 
B-consfcruotion on any member of the system (corresponding to any 
order of writing down its elements) we shall arrive at another mem- 
ber of the system, It should be noticed that m the scheme (3'88), 
two sJcBiu- rectangular pentagons (P<) and (Pj^) are derivable from one 
another through the B'Conatruoiion, when and OJily tvhen, i ^ j. (P^) 
and (P^) are never oonneated by a B-construction^ and the same holds 

/or (P,*) and (Py*).. (8 -882) 

Corollary (2). Any two elements of a slceW’^rectangular pentagon, 
uniquely determine the other three elements. 

This has been already proved {of. 1'70), when tho two given 
elements are conaecutive elements. It remains to consider the case 
when tho two given elements are non-conseoutive. 

Let ^st be the elements of one skew rectangular 

pentagon and siq*, of another skew rectangular 

pentagon whore — 2*1 

Oorrospondlng to these there exist two skew rectangular pentagons 
with elements /(«J} and {fi^*), 

But h{ssQ)r^h{z^^) and since 

Hence the two newly arrived at skew rect- 
angular pentagons have two consecutive elements congruent and are 
therefore themselves congruent (cf.V&l). Oonaequontly fiz^) 
~/(®3*)» Therefore 

# 1 » « j *. This proves our corollary, 

4. The plane rectangular pentagon ABUVW (Pig, 1) whose sides 
roekoned in order area', 0 , b', I, m oan be identified with the skew 
rectangular pentagon (Pq) with elements a^y by 

setting 

= = = (8*40) 
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Using the results (2‘42) it is easy to write what the elements of 
the 12 skew rectangular peotagona of the aolieme (8 ’88) become in 
this special case. They are shown below in the following scheme i 

Nemo, ^lementa under the special assumption {8'40). 

(^o) { a/, 0, 6/, 

f"' ^ ^ •■(f-ffl, 0- + ||, 


I,, 


0 , 


(Ps) o'-H ((£.-,3, 


IK I + ^ 


i>. V + |!L 




1, ((f-a), 

(P.) j Ph-|I, ((|._ 33 ), ,y, 

(V) |f(f-Y), ii3, 




(Pi*) k m + h, 


/a, ° 


(Pu^) |i/. 


(Pa*) •jm', 0 H* k , I h 


2 ’ 


(P,^) ja, 


(V) < 5 ', 


o' 


J, 6 |,(8.ai) 

Now the result ( 1 . 80 ) shows that the oxistonoo of the speclaliaea 
ekew reo angular pentagon (P,) is equivalent to the existenoo of a 
plane right-angled triangle with hypotenuse o, sides a and 6 
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angles X and /x opposite to these sides reapeOtively. This is however 
the triangle ABO of Fig. 1. Similarly the specialised pentagons 
(Pj), (Pg), (P 4 ), (P 5 ) of scheme (3*41) give rise to the other four right- 
angled triangles of Fig. 1. 

Again the result (1*81) ««how 8 that the existence of the specia- 
lized skew rectangular pentagon (P 3 *) is equivalent to the existenee of 
a plane tri-rectangular quadrilateral with sides 0 , a, I taken in 
order, the first and the fourth sides containing tho acuta angle 
This is however the tri-reotangular quadrilateral PQWS of Fig. 1. 
In the same way the specialized skew rectangular pentagons (Pj*), 

scheme (8*41) give riaetotheothertri- 
teotangular quadrilaterals of Fig 1. 

Finally the result (1*82) shows that the existence of the special- 
ised skew rectangular pentagon (Po*)i is equivalent to the existence 
of a spherical rectangular pentagon whose sides reckoned in order 

are 5- + y, 5- + X, tt — a, tt-/?, ^ + u. This however is the spheri- 
2 2 2 

cal rectangular pentagon, which is associated with the plane rectan- 
gular pentagon ABU VW of Fig. 1, and whose elements are shown 
in Fig. 2. 

We have thus shown, that the twelve a^ssociated shew rectangular 
pentagons^ -whose elements are shown Jrt scheme (3'88), can as a 
special case degenerate to the hnotvn system of aasooiaied figures, vi^,, 
a plane reotangidar pentagon, five plane tigM’angled triangles and five 
plane tri-r octangular quadrilaterals shown in Fig. 1 and one spherical 
rectangular pentagon shown in Fig 9. (3*42) The point of interest 
however is that whereas the figures of the hnoton system are of 
diverse Idrids, the figures of the generalised system ate all of like 
dature. This introduces an order and symmetry in tho study of the 
geometrical inter-relations between the figures of the generalised system, 
which is completely unattainable for the known specialised system. This 
will be brought out clearly in subsequent papers of this series, where 
also the bearing of the group theory on. the matter, will be .discussed. 

In conclusion, my best thanks are due to Professor X)r. S. Mukho- 
padhyaya for the keen interest taken by him in this investigation, and 
toProfessorBr.F. Levi for the many helpful suggesbions given by him, 

DiwAnTMENT o» Pubs Matiuimatiob, 

■piJrvBBBl'IT OP CALOOTTA, 
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ThbBoteot of Finite Breadth op Hammer Striking 
A Pianoforte String. ' ' . l 

By 

Dbbidas Basu, 

The problem of the pianoforte string has been studied by Helai. 
holts, Delemer, Lamb, Kaufmann and Das .£mdp,«e reopntly by 
Ker-dhoah, 1 It is shown by dhoah » that the theory they have 
developed in a different way, is pprfeotly general, and that all the 
previous theories are only special eases. It wa, Lord Eayleigh « 
who pointed out that 'aowo aUowa7w& must bo made for tho finite 
breadth of the hammer • striking a pianoforte string. Howoyor, tho 
effect of the finite length of oontaot hos been negleoted in the general 
theory of Kar- Ghosh. e ^ 

In the present paper, an attempt has been made to extend the 
theory of : Kar-dhoah to the case when tho length of oontaot of tho 
Ijaiauner with the string oannot be neglected, 

We suppose that tho hammer has ita plane surface faoing the 
siring and tho portion of the string In ooptaot with tho hammer moves 
as a whole parallel to itself. Thus the length of oontaot remains 
.wnstant till th? hammer leaves the string. It is ovideat that the 
disp aoements at the two ends of oontaot must bo same, and tho 
rosultant of tho tensions noting at both onda must bnlOnoa the im, 

pressed force, beoause at any intermediate pointa the value of & j, 

lero. Let tho length of oontaot be from »= b_ 6 tooiBaB+h 
let ye be the value of y at any point within ths ifpgfh ,of mtwi 

.fi ,* yi, (1028)1 Rsr.Gllll.ll— Pbil, Mac,, IX, DOeilDSOli 

4«ilfilt plij." «l, CSS ( 1080)1 Phil, M.g„Xn,OM(1081l| M, ahoBh-Ind. pliyl 

¥fabor-Pl"''M4',“1!' ^'fS'WVto tbs 

^ s U , Gboah— Phil, Mftg., XYII, ( 19 M), i ^ 

%"• f ‘il»yl<^gh-^heory iof 0ouad, I, aW, 
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The solutions of the diflferential equation of motion of the string 
with the conditions that (1) 2/=0 ataj*=0, = ata^a — 6, and 
(2) y=y6j^^‘ at x~a+b, y^O at x=lt are 


Vi = 

I-j’jiilLTfiX'!:,; i,; . l-l ". . 

from ajs«0 toa!>=a — b, 


sin A (a — 6) 
and . 


sin A a; 6*^*, 

■ ; -'.I 


0) 


1/2 


y - 


smA{f~-ir)e*^<, 


( 2 ) 


sin A (i— a-^b) 

ilf >4 - be tlin, periodic force , i mpartod' by the ‘hammer, we have' 


<; T,i 1 1 ' — / Qyg \ .1 


dx '} \ da?.: / - ■ ' I " ' 

'• i* ■;’,i *; 




fiV'A 


sin A (?~^26) 


lain A (a-b). sin A (f-a-b) 


tipt 


( 0 ) 


Vi' i 


w:hdre ,Ti is the teosion.: Substituting the .vaLuo of ■ y obtained ' frOm 
(8) in (1) and (2), and replaoihg the complex exponential by. sitt p/v 
.Q8;t|)B:motion'!ia started with initial velocity, wo have, - 


Vv •• • i*. . 

i/i =T sinA(f — a — b) sin A a? sin p/, ' 
vl: ^ .a =j ] P 8mA(a-^6) sin A(l-a:) sinpf^ 

"where the arbitrary oonstaat ■ , . V ’ ^ / 

•Jj.:. v;. V'. . : . i:..i ^r,v : ii-. i • i ^ 

K"* ■ uJ-..'/ -.’ i-. ■ J F ?’. 1' • ' ' r: ' _ . .• ; /■ .;i. j. .'i 


( 4 ) 

( 6 ) 


c: 


T'j*ABinAa~26) , * 


f. 


- ' Since the •‘■force • F e < ^ < is diie to the teaofcibn against the bdoe- 
leratlonof the mass M, we have F=Myp 2 . go that from ( 8 ), We gbt 


3 ^ X 


'• p sin A(I— 2b) MA 8inA(c'^b) BinA(f— a^b), 


(e) 


3^Here'M is thie^massmf tbB'load,- pds thb linear density .ofthe.dtriog 
and p * oA, o being the velocity of the wave . If ' tfe' bamipep .spikes 
yery near one end, ^ f<jr 
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sin ^(a - 6) and I for {I -r.26) • and^ also for b ) ; . then from . (OV .. 

v^Qget - ./K. 

t * •- 

«■' r A 

The duration of contact (D ia given by 



Next W 0 proceed to evaluate the arbitrary constant P. On differ on* 
tiafiag (4) and (6) with respect to time it we have at t = 0, 

(s^i)o ~ PoA Bin A(Z~fl-6)smAa), (0), 

(j^3)o= PcA sin A(a-&) ain A(I-*a;). ' .(IQ);; 

As if 18 not a Foiiriefa series, the arbitrary oonBiant can be eosily'’''' 
evaluated after Kar , by multiplying wi^ pdx and integrating, 
Then from eq a. (0) and (10), wo have resjpeotlvoly, , ' - 

lo P(?h)o =* PcA BinA (i-a — 6) Jg p slhi Xx'dx, ' (11) 

= PoA sin A (a-6) p sin A {l-x) dx. (12) 

{yjo (?^ 3 )o values only between the range se pa ^1!;, to 
<t+6, wo got in the usual way ^ ,, ' 7* 

Po^\ (J^i)o « PoA sin A (f-a-h) [p J« sin Xxda 

' + p' If * s in Aftj ' dai] ; ^ (18) 

, Po I"** “ P<5A Bin A(rt~-6) [po siq A (/-«) dai? 

« n ■ 7 

+ p i*^^'Bin A (i^'as) daj], (14) 




M (a - b) 


L V 


Ti 


M (a ~ b) 


(V) 


where po iB the linear density of the string within the length of oon- 
tdoV and p its lihdat density between the ‘ raagoB'O ' tO' o >*- h .antl-,fr+ 1 
to I. Aftor.intograting (18). and (U) ahd adding, wo got,, - 7 17* , 


MV « Pop 




sin A(a~*h) + sin A (f-fl-6) - Bin A (J-26y 

sirij sin A (f— a ~'h) ooB A<i 

{ ' ' 

sin A(a--6) ooa A (I-a) 

Kai^Iftd. Phy/.'Math. Joar., HI, W5, (lOafl)^ 




b. lAStj 


M is ma^s 6f tho hamiiier, V is the initial V6lootly 6f the 

same. Writing oos A (a— hH*6) and cos A (^ — 0 “& + 6) for oos A(t and 
o0]iA(f— a), respectively Ulid -Expanding sinAh and oosAft, neglecting 
the higher terms than and with the help of eq. (6) the above oqua* 
tion reduces to 


MV 


Pep 


sbi A sin A (i — a — h) 

+ £o„ ^^"sin A (1-2!)) 


( 10 ) 


Substituting the value of A® ih (16) from oq. (7) imda8 26po = M!i 
We have after Bubslituting the value of P from (10), . . 


t/i 


MV 

vsx — _ 


sin A(f-a“6) sinA®. sin oAi, 


sin A (a- 1) *!- 8inA(l*-a~b) -l' A(jl~2/>) 


a?) 


l/a 




MV , sin A (fl — b) sin A sin oAf 
bmA(ft-ij) 'h HnA(i-c-&) + 


hsiii Ai7 — 


i/o = 


d(a~I)) 

, And the diaplaoement of the load is given by 
mV sin A (l-fl^-^i)) sin A (a-6) sin fiA< 


‘ sin A (<.-1)1 + sin A {!-<.-!)) -I- 

4(a~o) 


(IB) 


(10) 


tfhh fi^OAtlbh (10J la further, simpliOod by writing I for t^a*^h 
ttlao for (f*-2Ij) aAd A (a ‘^6) for sin A («*-‘h) and U for sin Ah 

(the approximate solution boeomes 




sin okt 




( 20 ) 


where ^ involves also *6' (eq. 7), but as substitution of the value of 
A from eq (7), ittvolvoa iio QiooiplifloatiQni the expreasion is put as suoh 
to avoid the square-root sign. It is easily seen that if '6h ivhkhom 
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not have values greatet than ‘a*, be infinitesimally amall, so that tdrme 
involviijg '6' oan be hegleofced, eqs, (7) and (20), also (17) and (18) 
deduce to the formulae obtained by Kar-G-hosb. ^ We may also note 
that in their formulae ‘a* is taken to be the length of the shorter seg. 
ment, but we oan. interpret it as ‘a — &* of the present investigation, 
because actually the portion of the string from'a-d* to ‘a* is hot free to 
Vibirrite as a patt of the shorter segment, 

It is also worth noting that if bi=a,i,e,, if the hamtiii6r*6 breadth 
extends bp to the nearer bridge, then from (8) and (20), <5=6 and 
in this ease the hammer strikes the wire and rebounds bsoh 
immediately without etfeoting any displacement of the string. If howeve# 
't' decreases from the above limiting value, both 5 and iJq gradually 
increase till they attain the maximum values given by Kar- Ghosh foif 
6=3 0, Thus the finite breadth of the hammer has the important effeoi 
OH the duration of contaot as ivell as on the maximum diaptaoeiHcTi’tt 

It is evident that in the present investigation, the plane of 
curvature of the hammer head is taken perpendicular to the length 
of the string. If, however, they are in the same plane, wbioh is 
actually the casein a piano, the value of varies continually from 
sero to a maximum and then decreases to zero when the contact 
ceases, The rigorous solution of the problem is in progress, and wiji 
be oommunioatod in ai later issue. But a rough method may be 
given here in which we assume that instead of 'b' varying continually 
from 0 to and then to 0, the hammer has an average length of 
contaot i hmax throughout the duration of contact. Now *6’ attiaina 
its maximum value when j/o 1® maximum. So we oan write |rom 
geometrical conditions, 

where r is the radius of curvature of the hammer, Suhstitutihg^ thh' 
value 0 f (i/ o)ni rt (c f e q . (20) i n (21) , we get approxi'm ateTy' ' 
leoting the odrredtion ifl A, and (yo)wrt* for finite length pf cpijfjaot ; and 
also writing f for a), ■ ■ . 
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,.. Subatibu ting this value for *6' in eq. (8), we get 



We find 'from oq.., (28) , thqb <!> decreases na Y or ‘V’ inoreasos. . 

The experimental side of the problem of the pianoforte has been stu? 
^ied by many worlters'* including Kar-Ghosh/^ But the effeot.of the 
breadth nf~ the hammer on the duration of contact has not yot been 
studied thorbughly. As regards the relation of 0 and Y, Ghosh^ has 
fonnd that fpr the mid-poinp d> increases as 'f’ increases. Bub it will 
be enpugh tb point put from the , discontinuous mannor in whioh <b 
pTian ges with (vide ^ page m Gho sh ’s paper) that , the present 

problem lor ',n bar end ' hears 'no relation with the problem studied 
by Ghosh. .However, the deorease of, v/o with the increase of, 'r!,, as 
prkioted by the theory is supported qualitatively by the experiment 
6f Kar and others.'^ As their experimental moasuremeuts airo not 
very ocournte, a quantitative agreement cannot be expoctod. 

We m^ay remark that the variation of <5 with 'V' given by (28) 
must hot be confused ' with'a similar variation observed by Kaufmann® 
and Ghosh° in the ' ease of felt hammer. Ghosh® has latof on studied 
thebroblom theoretically by applying Herta's law of Itnpaob holding 
for a cerbain time 'during conbacb. ' But even in liis' bhodry the elfoob 
of the length 'of con tao‘t ( whioh increases from 0 6b some maximum 
value) is not takoh into account. The author hopes to discuss the effect 
of the lepgth of oohtaob at the centre, in a diCforeabhommunloatioh. 

' ' In obhPlufitbn, I tniist express my slnoer'esb thanks to Prof. K.' 0. 
Kar, D.So, for suggesting to me the problem when I drew his obten- 
tlptt to the range of applioabiUby of hfs own theory, and for his oontl- 
nual guidance and inspiring suggestions in the course of this work and 
also I must extend the same to Prof. M. Ghosh, M.8o,, A, Inst. P., 
for |ib^,inijere8t he took in the work, 

> < 'i t.Por oomplofco reference,' lU't/e Ghosh— Ind , Jour. Phy. Yllf 1083), 

» Kar-Ghoah-Zeit. f. Phys., 6fl (1980), dli. ; , j,. 

* M. Ghoah, loo. ot‘L 

* Ksr, Ganguly,., tioha, Phil, Mag. Y (1028), 5df, 

(" t'Wmann. Ann. d. Phy, 84 (1896), dJ'6, . ^ 

* M. Ghoah, Phil. Mag. XYII (1984), 521, 
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On the solution on Laplace’s equation suitable foe 

PROBLEMS RELATING TO TWO SPHERES TOUGHING • , 
EACH OTHER. 

t ; -By ; ■ p' 

S. Ghosh* 

Introduction, 

In a previous paper,* tTeffery lias given the solution of Laplace’s 
equation suitable for problems with prescribed conditions on the sur* 
faces of two spheres, which neither intersect nor touch each other, He 
starts with two systems of orthogonal circles in the plane of ar«, the 
members of the first system passing through two fixed points on 
the % axis, and those of the second system having these fixed points 
as their limiting points, His coordinates are then obtained by rotation 
about the axis of so that one of the systems of circles, generates a 
system of coaxal spheres with a common radical plane. But, if we 
start with two orthogonal systems of circles in the plane, touching 
the axes of sr and ro’^peotively, then by rotation about the axis of 
the system of circles touching the a;-axis, will generate a series of 
spheres touching the plane « = 0 . Employing^ these coordinates, 
we get in this paper, a solution of Laplace's equation, suitable for 

problems, whore the boundaries are tvvo spheres touching each other, 

■ '“■/ :• ' ■ ' ' ! 

. i -Coordinates, - 

1 . ■ r ' ■ ; ' \ !:■' i . 

Let a syateni 6 f coordinates a, '/3, 7 / be defined by 


u + fiQ s= — ^1-r- , y «= tian'^'l ” 

; » + lp • % , ■ /a 

U) 

p = »/{x'^ + y^). Then \ 

. ■ 

^ '.fife . 

(2) 

‘ da. \ : flfi / ''*■ 

(8) 

* a^ + /S‘^’- 

* proo. Roy. Soo. {Ser, A), If) 
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The surfaces y «= constaat are planes passing through the «-axis. 
In any meridiaual plane y, the curves a = oouBbant and /9 =* constant 
are two systems of orthogonal circles, touching the axes of ^ and p 
respectively , at the origin, The surfaces a =* constant are, therefore, 
spheres touching the plane of xy, at the origin, 

We have 

\^0a j ^8i8 y + 



y9<p s hih^h^ 


d ( h| dfp\ 

9a da i 



hg J9^L 

h j) h j 9)9 




SOLUTION OF LAPLAOE'S EQUATION 
ao that Laplaca’a equation 

« 0 , 


reduces to 


to 

i-. (' If)- 


■It I+-4 =■ 0. 


8a \ '' da I' j /j/l“ 8/ 

Substituting ^ ^ x! ></ p in (6), and simplifying, find 


195 

( 0 ) 

(6) 


A!.x+ ?LV+ 

da^ 2plaaa^0/?2r 4p2/l 3 


\a f 

-M +(' 

ay \ 


3p 

3/8. 


Remembering that p + t« is a function of a + i^, we have 

^+lf£ = o /sapY+f Spy - 1 . 

a I a l'lao) 


(7) 


8a2 8/3* 

SO that (7) reduces to 


3a/ \9^/ 


Q{i‘^ P'^h'\dy'^^ 


( 8 ) 


I.et us seek a solution of tbo equation (8)p of the typo 
ss XJV cofl (wtyH c)), 

where U is a function of a alone, V a function of ^ alone and w is a 
positive integer. Substituting this value of x (8), and simplifying, 
we got 

1 0, 

JJ da^ d/Q* j 


If IjpVx^ is of the form / (a) + F (/3), then 


constant, 


BO that U and V are known, 

10 


m 


S. (ItlbSH 


In our OQBo, ph — “ /Q> so that U and V tiro dctoririlnGd Crorii : Iho 
(^^uations, 

1. r= A c= constant =» (say). 

V V djS^ ^ 4j9a ^ 


Then 


U — A„ cosh na*l-B„ sinh na, 


and 


s+ „»+ 

.m \ 


1—4 1??*^ 


V « 0. 


Putting V - t/{3. V, this equation boeomes 


dh) X dv 

W' [i W 


•I- n‘ 


VI ^ 
1 ^' 


I) wO, 


BO that 

V S== Jm ■i" M 

whore J,„ and nro BoBaol’s funotionia of order '»i, of the first and 
the second hinds rospootivoly. 


Thorofore, we Imvo 


00 oo 

tfi B t/ (a® ^ OOB {«>y -I- a) S [{A„„„ cosh iin -i- B„„,, siuli )iu} 

>11 »0 ♦•"O 

xJ,„ (ni8)-h{0„„ „ cosh na sinh nu} Y„, {n/3)]. (0) 


Stolm' Siuam /mo f ion. 

In the case of syn^motry, about the «-ftxia, 

00 

^ 51 [{A„ coflhna + B,, ainhna} (n;Q) 

n »0 

+ {0,4 cosh ainh ttft} Yq (m/3)], (10) 

If \f/ bti Stokes’ bti'eam futtbtioh, 

Jli «■ A , Pi « - A „9 i , 

9* pQp dp p dk 



Solution oir laplaob's equation 


80 that 


0a 


0/3 


00 

0p 

!+'■ 

00 

9/> ‘ ^ 

0 a 


0« ’ 

_1 _8i 


0« 

+ 1- 

p 0 

0/3 

P 

1 00 




P 0^ 

f 



00 

0P 


00 

0p 

0^ 


a« ” 


a a 


_ _ 1 0^ 8;g _ 1 8^ _ 8p 

” ' ~p ‘ 0a p 0/3 ’ 0a 


1 H. 

p 0 a 


ABsuoiiDg^ to be continuous, we have on elimination o£ 


0 / 1 ^ M.1 = 0. 


0a\ p 0a) 0^lp 0^ 


Putting this equation becomes 

0®f 4. = 0* 

"a^ ^ 0;82 4^2 


( 11 ) 


rc we asBume f =<UV, where U is a function of a alone and V a 
function of jQ alone, we get 

1 ^ 

”XJ da® V 4/3^ 


fio that 


= constant = - (8ay)i 
U s a„ cosh na+bn sinb na, 
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and 


QHOfllt 


— L-)v - 0. 

d/32 4/32 jv 

SubBtituting V = V^*^i (12) becomes 


i!i’+ 1 I'L+fnii-J- 1 = 0, 

d(3^ fi (1(3 \ /8M ' 


80 that 

Therefore 


V = a'nJi{n(3) + h‘nYi{n(3), 


8 ^ 

- -rror-mr'^ [(»it cosh + sinh n^) Ji {n^) 

V (a‘ +p^} M«0 

. + (c„ cosh naH-d„ einh na) Yj {n/3)]. 


nEPAUTMBNT 01' APl’rjKD M ATlllSMA’JICB, . 

Uni VEH S lav Coi-lkoe of Bcibnck and 'I'koumoloov, 
OAtOUTTA, 
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Note on the transverse vibration of freely 

SUPPORTED RECTANGULAR PLATES UNDER THE ACTION 
OF MOVING LOADS AND VARIABLE FORCES 

By 

BiBHUTIBHUSAN SctiT. 

1. Introduction, 

The kaasversQ osc'ilinbion of beams under the aotion of moving 
loadfl has' been the subjeofc of conaiderable reaeareh* in conneofcion 
with the study of bridge vibrations. The object of this note is to 
consider similar problems in the case of a thin reotangular plate, the 
edges being freely supp orted. Tho vibration problems of such plates 
without any load have simple solutions and have been thoroughly, 
treated by Lord Rayleigh. I 

In this paper we take 


the thioknesB of the plate 

= 2?», 

the Young's modulus 

= B, 

the Poisson's ratio 

^ <r, 

the density of the material 

= Pf 

the small normal deflection 

s=: w, and 

the transverse force on an 


element of area 

— Z. Pfi S^hjf 


( 1 * 1 ) 


“ See, for example, the paper *' Oa the forced vibration of bridgM," by 6, P, 
Timoshenko in the Philosophical Magazine, Series 0, W, (1922), J0J(5 aAd also the 
paper "On transverse oaoilletions of beams under the aotion of moving loads ” by 
A. N. Lowan in the Philoeopbioal Magozine, series 7 , 19;(1086), Wff. 
f Theory of Bound, 1, 871 . 


Then the equation satisfied by the transverse displacement to is 


or 


Bp “ - z + ^ - 0, 


D v ,*«< - ? fe V, t) + ^ - 0, 


wh^re 


I) Blands for 


E 


and 


3p (l-^cr2) ’ 

^ («i !/. t) stands for Z . 

If the boundaries of the pjate be taken as the lines 
X = 0, a; = fl, 1/ = 0 and y = 6, 
conditions for supported edge are 
10 = 0 


8 ^iO 


QHv 
8*2 

io =i b 

6 ®io , 0 

at/3 + “■ ^ 


when jr = 0 
and a; = a , 


\ when ij ^ 0 
and y =: b, 
2, General of pio 


If we assume 


(fc 30 


w f= 3 21 (!) sin sip 

trt-1 H«1 Yl 6 


(1 2 ) 


(1’8) 


iV4) 


( 1 - 6 ) 


(2*1) 


where jsit function of t and ‘m* and ‘n* are positive in- 

ifeg’dra, we find that the boundary oonditions given in (1*4) and (1*6) 
are satisfied. 

' ’ We now Bfippose that it is possible to express ^ (a), y, t) In the form 
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Then the equation (1*2) will be satisfied if 


D 


m 


2 ^2 r ^ ^2 __ 


if 


in which 


Q)ft» (0 


dt^ 

Vm»^ == P 


VniH^ Qwi* (0 ■“ V'm« (^) 


2 ^ n / TT^ , n-® 7r2 

+■ 


^ h’* ' ■ h® 

The general solution of the equation (2*0) is 


(2‘8) 

(2-4) 


Qmii (0 


_ 1 r . 

Pm, J 


SIB Pm„ (^— m) i>mn («) du 


(2*fi) 


+ -AmM 008 p,„n i + sin jj,„„ t , 

A^„ and B,^„ being arbitrary oohatants. 

8. Solution for a j^'idaaiing force acting at the point ($, i)). 

It ii (x, y, t) 5? Z j sin pi at the point (^, if) ijftcl aoro ^l^ewber^j, 
vve have by hannon o analysis 


i'„n, (0 = sin pi sin sin -jl , (84) 


which makes 


Qwn {t) ~ aiii ei'fi j" sin Pm, du 

- nlh mn 8inpi~p sin p,„n i ] 

ie>») 

[The arbitrary oonatants A„,„ and Bwm "wj)! be ^ero, if it is assumed 
that w = = 0, when t = 0.] 

Then the expression for R will be • ■ . , 

«0 m-1 Kh (P>»)| ' (*' •„.. ;.i; 


X sm sm *-rr^ 
d. h 


(8‘8; 
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If for ooctaia values of m and n 

Vmn ^ V t 

tho expression (B'il) is indofcerminate. By writing 

V ” Vinn 

where p' is very small, wo obtain, from (8 '2), 




'^n’n'5 ntfij 

— .— Bin 

00 a. D 


X [P.«i. (Bi n v,n„ i -y'i cos p,„„, t) - (P»iti~-P') nin p„.„ t\ 
VmnV' {*^ Pmn -p'i 


to the first ordor in p' , 

Molcing p' toad to zero, wo havo 


Qm, H) 


Bin sin [sin Pm » t - Pm n t oos p„, „ f ] , 

aopwirt a 0 


(8'4) 

in tho apfloml caao whon n pulsating load rosonatos with a natural fro* 
quenoy of the pinto. , 

The term p«i« iVmn'^'^P^) in tho denominator of (8‘8) shows that 
if the applied froquonoy is loss than tho gravoab natural froquonoy of 
Iho plate, tho Borios is eonvergont, and tho first term in tho sorioB, 
namoly, that ono obtained by putting m^x and ?i»lj will bo prodomi* 
nnnt in tho oomploto exproBBion for tho doflootion. Thus, unless there 
bo roBonanoo, wo oan write ns a first approxiinati jn 

lysa^.--. — .14" K*r- [Pi i Binpf““painip|if ] Bin ’^-Bin 

«/) pn {Pir’^VV n 6 


X Bin — sin {8'fi) 
a h 


where 


Vn - P 


(8‘fi) 


If tho frequency of the applied foroo roBouates witli tho gravest natu* 
rftl frequonoy of tho plate, wo have approximately 

^^0 PaiM ■» . . f — . . I rtrto 11. . /.T ti!r% 


W 


[Bin pn ^ - Pii sin ^ sin ^ 


X sin ^ Bln ^ . (8‘7) 
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We find in (8*2) that there are two terms within the braokefc, of which 
one is proportional to sin pi and the othefc proportional to sin pmn i ^ 
'fhe former gives the same period as the disturbing force and represents 
ioroed vibrations of the plate. The latter represents free vibrations 
of the plate produced by the application 'of the force. These latter 
vibrations due to various kinds of resistance will be gradually damped 
out and only the forced vibrations will persist. Then we shall have 


xo 


ab 


00 

51 

HIb 1 


oo 

1 


Vmn^-V' 


Sin 




Bin 




b 


X B'mpi, 

If the pulsating force Z is varying very, slowly, pis, a very small 
quantity. Then neglecting p® in comparison with and putting 
w~l, we have for the constant load Z, the approximate valued 
of 


w 


4Z 


sm 




' irn , TTX • ttW 

sin-J sin — am 
bah 


(8‘9) 


ah Pi 1* a 

In the particular case when the force is applied at the middle of the 
plate, the deflection at the centre is approximately 

■ ' 4Z 


. ab Pii^ 

Again, retaining only the first term of (8*8), we have 




4Z 


'o6 iPu^-V^) 


zi 

a 


sin sin ^ sin ^ sin ^ . 


(810) 


(811) 


Henoe wo conclude from this result and (8 ’9) that the ratio of (w)i, 
the dynamical deflection to (w),, the statiodl deflection is roughly 

Ma » , (812) 

l“P®/ph 

Let us suppose, for instance, that the frequency of the fundamental, 
mode of vibration is five times as great as theirequency of the distur- 
bing force. Then the dynamical deflection will be about 4 per cent, 
greater than the statical deflection. - Proceeding in a similar way, we 
oan find the efioot of several pulsating forces acting on the plate, as 
the resulting vibration will be obtained by superposing the vibration 

produced by the individual forces. , ^ .y:.,;, ^ ^ 

* This result for the conefcant load oan ho deduced directly, 

11 
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4, Oontimously distributed ‘pulsating foroo, 

If the plate be loaded by a uniformly distributed load of intoneity 

Z ^ Zq sin pt , (4’1) 

where Zq is oonstaub, wo oan deduce the expression for the deflootion 
from the expression obtained for a pulsating force applied at a partiou* 
lar point. Multiplying the right side of (8'2) by dt} and integrating 
with respeot to ^ and r/ between the limits o to o-and o to h rospeotivuly, 
we get 

whioh gives 

^ ^ (I^ooB m tt) (l—oosnTr) 

X [p„,„ sin pi“p sin sin — ^ sin — {4'2) 

ah 

This series converges very rapidly and on retaining only the first 
term, we arrive at the same oo'holusioa as in {U’12), 

6. Oaofifafion due to a oonsiant ■nioumg load. 

Let us now consider the problem of a constant load moving 
parallel to the axis of x aoross the rectangular plate with constant 
speed i>, the load starting from the point (0, h/2). Then we can 
write 

i' «) = f P ain riu ja , (Cl) 

whore 

Zq X p X >sa load per unit area, 

. ^ vt, and 



7 ^ 

Assuming that w ~ 0 when f»0, we have from (2'fi), 
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Q,.„ (0 = I g . o . BmW g 

p„„a6 


t 

I 


Bin Pmr) (i-tO sin~— 
• at 


AZq Bin n7r/2~ 




whenoo wo obtain 


w 


cx> oo 
ah m«i H-i 


\L 


„ 

Bin^ 


rnTTVi mvv . ■ ,. 

p„,„8m Bmipmnt 

a a 


m) 


Vmn 


2 _ \ 
a2 j 


^ . mwvt mnv . ■ . 

•p„,„ 8in — ~ - — 8mp^„i 
a a 


(6 '3) 

a b . \ 


If the velocity v bo Btnall, we have approximately 


w 


1 r 

'■*’ ( i ’’’‘A L 


wi wv . 1 

Pii am ^ ■ sin Put 


a a 


X sin — sin *,(6’4) 
a 0 •■ 


Assuming that in the most unfavourable case the contributions 

made by (.he amplitudes of sin and sin pi)t are added to one 

0 

another, we obtain for the maximum cfefleotion 




4Z, 


1 [ 2 


Pll + 


H A 

I 


4Z, 


'll 

Oi Pu- -T Pn 


(B-B) 


■ :: 

This result has been obtained on the hypothesis , that there is no 
damping and hence iiis evidcptf tbati thi^f talup of ' ipaximupgiri <|&fleo- 
tion is somewhat exs 
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By increasing the velocity v, a condition can be reached when one 
of the denominators in the series (6*8) becomes equal to zero and 
resonance takes place. ‘ 

Suppose Pii « 


m 

Proceeding as in section 8, we obtain from (6*4) 


"* “ ^ r'“ fu* 

. TTX • TTV 

sm — Bin , 

a 0 

. (C'7) 

This expression has a maximum value when 



■ pii a 

Then 


(0'8) 

.« = Bln Bin 3 . 

abpjl a h 


(S-0) 

We fin^ from (6 8) that this maximum deflection takes place when 
the load is leaving the plate and at that instant its value at the 
centre is 

V (i^t) ^Zqtt ^ 2Zo7r a 

’■ a6pii2 p 


(6*0) 

On comparison with (8*10) we find 



(!^)r ' TT 

(w), 


(6*10) 


We can ako obtain the deflection when the load moves along any 

other line' across the rectangular , plate. - As for instance, putting 
t Vif and»/ = v^t in (i6’l), we c6n determine the displacement 
when the load moves from the origin with the velocity which has 
components Vj and Vq parallel to the a-axis and axis respectively. 

In this case 

•^'""*** u Bin u dii . 
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Qmni^) being found> the expression for to can bo wrifeten from (2'1). 


6 . Moving -puhaiing f Otoe . j 

The next case that , we shall consider is that of a pulsating force 
which travels along the plate parallel to the axis of x, starting from 

the point ( ^ Then we can write from (6*1) ’ ' 


where 


sta nfsm sin ~ i 
ao a - 2 


period of the pulsating force, and 


V « the velocity of the load. " 

Substituting this value of in the first term of (2*6), we 

obtain ,jdf 


Qmn {^) « —^l^sin V, “ li)..8in Qw sin . du 
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It tho Ouotuating prossuro bo duo to tlio impact ol: tlio whool run- 
ning on the plate, U, the angular velocity of tho whool will bo propor- 


tional to V, There are two harmonic oomponontH oob 


-a t and 
It y 


cos 

1 


?«7rV 

ft 


•!' a t in tho above expresBion for Q„i»i(t). Tho 


froquenoy of the second component will resonate at a lower spood of 
travel than that of tho first and honco tho rosonanoo will occur first 
when 


n -I- 


Pii- 


The doflootion is then approximately given by 




ia w ~ t mn Pi \t sin -- sin , 

fthpn ft b 


(fVB) 


It being assumed that w 


dw 

(U 


‘ » 0, whont = 0, 


Tho tlmo taken by tho load to cross tho plate is afv. 

So, at tho instant when tho load is leaving tho plato, wo have 

PU^ « -I- TT 

and tho doflootion 

w « -I- i)j sin sin ^^ sin^. (O'fi) 

Henoo, at tho instant wlion tho load is leaving the plato, tho dofiection 
at tho oontro is opproximately 


^0 


Oft 


ah \ V 


+ . BinJl, 

V 


( 0 - 0 ) 


7 1 Oonolushn. 

In tho foregoing Bootions, so v oral oasos of forced vibrations of 
freoly supported rootaugiilar plates aro conaldorod for dotonnining 
the doflootion caused hy tlio moving loads and variable forces. Tlio 
approximate results given in {»M2), (C'5), (fl'lO) ond (fl‘0) arc of some 
practical interest and thoy havo tho same dogtoo of aoouraoy as those 
obtained for tho boams by tho provioua writers, 
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An INFINITE INTEGRAL INVOLVING ]3KBHKli i'UNOTION AND 
PARABOLIC O'M LINDER Xi’ONCT'lON 

By 

IL S. Vauma. 

The objeob of this note is to cvaluato an infinito involving 

Bessel function and the paraholio oylindor funct ion, We ? s-all loquh’o 
the following Lemma ; . ' 

oo 

L. „ (*) dx 

0 • 

r(ljO r-O I 

whenll(m) >0, R(n)>-1 and w-tUauot on intogoL 

To prove this, we use Wliittakor^n inliogi'nl*^ foi" Dti(^>), 


QK> 

T=i " 




i (U. [U(»)<;0]. 


We then ImvQ 


oo 

Jo 

oo' CX> ' 

„ o~'‘*’^dxy [B()I1)>0]. 




* E. T. WliittnftdJ- : On the funotiona aBaeoiatbd with the pwobolla oyliDder 
in harmonic analyBia> Free, Lond. Math. Boo, (1)| SB (11H)3)| 
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change in the order of integration being obviously permissible, 


CX) 


rMi) j 


r{m) 1 (p + f) 




__ 1^3 

Expanding e ^ in powers of t and by bho help of the intogrtd 


cx: 


1 


+ r(id-w) 


integrating term by term, a process easily justifiable, wo at once 
obtain the required lemma. 

Now consider the integral 
00 
I 


= j* x)„,„ {x)S^{xa)(lx. 


Expanding J^(a;a), we get , 


oo 


I = f a;«0 pa3 + i!B2 ^ 




X) 


I-O + gj 

the prooess involved being easily justifiable, 


_f ^v+» + 2a^-pa; + ia;»n_,„(*)fo, 

+ l)Jo 


00 

- 




,„V + 28 


V 


w-n-v-Sa*-! 


.-0 8i r(v+8+i)^ r(«») 


X s tiei' 

r»o T 1 


r(w-h2r) f (n-hv-l*28—2r-m'i'l), 


whore we have used our lomma established above. 

, The second series has a moaning so long as w—n — v is not on 
integer. Since both . the infinite series are absolutely oonvergont 
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when I a i ^ \ V \ ! V I <!l we can write 

r (w) r = 0 rl 


« «o 2® * s I r (v -f-s 4* 1) 


^ ML V 


^ ^ Mp?)' 


,2 / r ('»»0r (v-hl) 7«0 r 1 


r {n -I-V-2-W *1*1 


( iH'l P \ 

true when B(ji)>*-1 and m-n-v la nofc an integer. 

In pni'bioular, when a— ip and m-n—v is of the type 21 + J, i 
being an integer, 


00 


1 


+ B„„, (cc) Jv {ipx)dx 


2K 


„ 7 ri (2pV»“»-'r 
T (w)r (v-n-'i- m) 

-i, 




'Jw — -Ju — -Jw — lw — — ^w-h‘jw, Jv— + ^ 


12 
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On some two-dimensional problems op Elasticity 


By 

S. Ghosh, 


Introduction, 

Particulai* problems of generalised plane Bfcress in annular circular 
piates under the action of isolated forces on the boundaries, have been 
considered by Bilon’*' and Sen**”” in two important memoirs, mainly ip 
connection with the determination of stresses in circular rings under 
the action of Belf-equilibriating forces on the rims. In the present 
paper, other interesting cases of generalised i^lane stress in circular 
discs, are considered, in which the weight of the disc is not neglect* 
ed. In the first case that is considered here, the stress function is 
found, for a heavy circular disc, resting in a vertical plane on two 
smooth pegs, either at the same horizontal level or at two different 
horizontal levels. In the second case, a determination is made, of the 
stress function suitable for a heavy circular disc with a concentric 
circular hole, resting vertically on a horizontal plane. The problem is 
then modified, by applying suitable surface-tractions on tho inner 
boundary, so ns to apply to the case of a wheel to which a load is 
applied by an axle fitting into it. ; 


1 . Vortical disc resting on two smooth yogs. 
Wo take the centre 0 of the disc, as origin, and the 
vertically upward direction, as the axis of (c. Let A 
and B be two pegs at tho same horizontal level, and 
lot OA, OB make the same angle with the 

vertical Oo:, on either side of it. 

Assuming the disc to be in a state of generalised 
plane stress, the stress equations of equilibrium are 


ax.. 


+' 


= 0 , 

a?/ 


a2L« ax. 


ox Qy Q.'c ' dy 

where w is the weight of the disc per unit area. 


= 0 , 



* “ Tho sfcrosaes in a oircular ring,” Seleotei Engineering papers of tho Ihsbi* 
iition of Civil Engineers, No. 13 ( 11 ) 24 ), 

** ” On BtresBoa in oircular rlfigs under notion of ieolated forces on the 
im,” Bull. Oal. Moth. Soo., xxil, 2?.55. 
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These equations are satisfiocl by 


X^ = 


y; 




Plx 

9 a’.'^ 


4 


wa;, 


a) 


Henoo VjX ~ X,i.-t-Yy 2 (V‘I'/a)A, 

where V is the plane stress constant an<l is equal to 2A/^/(A.^-2/0‘ 

It is seen from the equations of equilibrium, in terms of the (lis- 
plaooments, that 

Vj A 1= 0, 

so that VjX “ 


Now the stress system (1) can bo diviclocl into two parts, t)»o first 
duo to the stress function x and tho second due to the terms contain- 
ing w. When expressed in polar co-ordinates, they are rospeotivoly 


rr 


OO 


1 8®x.u 1 
‘dip ^ r 0r ’ 


0r^ ’ 


rO 


A., 

8r 


I ax 

r ‘QO 


m 


and 


rr » i tar ooH 0, 00 « — ^ wr cos 0, 
rO ^ — u wr sin 0> 


(d) 


The disc is aotod upon by two equal foroos 1^ at A, 11 along AO, 
BO roBpeotivoly, Wo have then for the equilibrium of tho disc, 


2 r'eoB a « Tra^ia, 

whore ft is tho radius of the diso, 

liot xi Ijo lilio stress function duo to tho force I’ at A. 


(fi) 
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where r-i, <?! Ere the polar coordinates of any point of the disc, 
referred to A as pole and AO as the initial line. Let this point of 
the disc have polar coordinates t^B, when 0 is taken as the pole and Ox 
as the initial line. 


The stress function gives rise to the stress system 

2P' cos 01 — 0 

n H 

At any point P on the boundary of the disc, 


= 2 a cos 2 01 — 0 *l*a, 

and the direction oosines of the 'directionB of r, 0 with respect to those 
of ?’!, 01 are respectively 


(oos 0 , sin 0 ) , (-sin 0 , gob0). 


Hence in (r, 0) coordinates, the stress system at a point P on the 
rim, due to ( 6 ), is 


^ 7 = ?_{H-coa {0 + a)}, 

2 ?ra 


{ 1 -cos (0 + 0 .)}, 

27ra 


tO. 


P 

27ra 


sin (0 + a), 


(7) 


The BteosB function Xs due to the force P at B, is 

jja = “ ^ tjOa sin 6^,' (®) 

where I'a, arc the polar coordinates of a point of the disc, when B 
is tahen as the pole and BO os the initial line. 

As before, we calculate from (8), the stresses in (r,,e) coordinates, 

at a point P of the rim and we obtain 

f 7 = £-{1 + 008 ( d -«)}, . 

27ra 

{1-COB (0-a)}» 

27ro 

^0= ~^Bin (0-a). 
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Adding (4), (7) and (9), wo liavoat a point of the rim 
— -I wa oofl 0 (1-1- cos Odoa a), 

'trCl ' 

wa cos 0 - ..5 (1-coa 0 cos a). 

nr ft ' ' 


^ * 1 ) 

rO ~ ~'J wa sin 0-t- ^ sin 0 cos a. 

which reduce to 


TTtt 


rr 


va * 


irU 


(J(0 


(i:i) 


if wo fcako account of tho relation (5). 

Lob us now introduce n stress function 

... Xs = Ar^, 

which gives 

n es 2A, 7^ =3 0, 

8oHmfc if wo ohaoso A = I>/2 to, tl,o b„„„,I„,.y Btras 

oxcopt ali llio pointB A imcl 1). oiBnpi'oaiH, 


Thoroforo 


/V - A:i 

Butisfios all the coadibians of the problem. 

A AOx - ,-aa.Kl A l,0;o = r-fi. Horn Huu'oaotimw ot tl,„ „okb 
O.O.U, longer oquul. LeHI.om bo I>. «,uU>, roapeoHvoly. Then 

equihbiium, womustlmvo ^ J-iion, fui 

I’l coa tt'hPa COB = iru^io, ) 

1*1 sin a Pg siu/^, j 

which givo 

Pj a .p wawcoHOo/J 

cot ft cob /d ' ^ c(,jj ij • 

Wo then tttico . 


( 12 : 


(im; 


Xi 


1’ 


; sin 0i , 
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which gives as before 

-gfi-il + oos (»+«)}. 

^ ““ 

at a point on the rim of the disc. 

Also 

p 

TT 

which gives at a point on the rim, 


(15) 


m 


,?= 


(17) 


Hence, from (4), (15) and (17), we have at a point on the rim of 
the disc, 

rr = ^ mooBe .(-P 2 ) + pj^ cos {0-\-a,) + J>Q cos ((J-/3)}, 


rO = taasin 0 {Pj sin (O-ha) -hP^ sin (0-(3)}, 


and these reduce to 


. > 7 = 0 , 


2na 


if we take nocount of (12), 
Therefore, taking 


P-I + PQ Q 

“ -As- ’ ' 


(18) 


(19) 


we see that 


,X = Xi+Xa+X8 

satisfies all the conditions of the problem, 


2. Vertical disc iviih a circular hole, resting on a horimontal plane. 

The stress system is given, as m § 1, by (8) and (4), 

The disc is now acted upon by a verbioally upward force 
at its point of contact with the horizontal plane, where t 
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is the inner radius of the disc. If r^, be the polar coordinates of a 
point of the disc, when the point of contact is token as the pole and 
the vertically upward direction as the initial line, the stress function 
due to this force is 

1 ^, = {a® -1)3) wri$i sin 6i, (20) 

so that at a point on the outer rim r = a, 


rr = — 1 — - — (1 -h cos 0), rO — — - — i — sin 0. 
2a 2a 

Adding (4) and (21), we have at a point of the rim r = a, 

rr ~ — -1 — - — ; — COS0, rO = — sm 0, 

2a 2a 2a 


( 21 ) 


( 22 ) 


To calculate the stresses across the inner boundary r ~ 6, from the 
stress function Xu we transform it into (r, (?) coordinates, and we 
have 

Xi = —(a® -6^) tor sin 6 tan“* - ^ ^ — . 

a + r cos $ 


But when — ^ < 1, 


« + 1 / \ « 


tun' 


1 r sin 0 ^ ^ (— 1) ( t 

a + rcos^ «oi 71. 


sin nd. 


BO that 


Xi a{a^~b^)w 


i - COB 6 

I a / 


cxr 


^ (-l)-i ill- ^ .1 


«.|-2 


«>»2 


n-ll a / w4-l\"a 


COB nO 


Therefore, when r = 6, we have 


rr 


= — 


2a 


2— — cos 0 
a 


oo ( 

+ 'S, ( — 1)”--< nl 
« = 2 / 


«-2 


(28) 


- (n~2) 


cos nO 




2a 


6 . 

—sin 

a 


oo 

+ 5 (~1)” w 


1 I h\ i 


sin nO 
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Combining tho stress system (4) with that duo . to (28), wo have 
on r = b, 

^ oo 
rr = ttQ + 5 Ort eos nO, 


« a 1 
^ OO 

rO ~ /3„ sinn-d, 


(24) 


where 


ao=— M = • 






n _ _ bho 
2 a 2 ' 


To neutralise tho stress (22) on r — a, and (24) on r = b, we take 
X 2 = Ao/a + Bo logr 


+ ^ ^ d- vrlogroos 6) 

+ ^ )A„r« + ^ + 0«r^^-2 + ^[ oosM 
n»2 I r' , ^ 

where v => yu/(A' + 2/i), A' being the plane stress constant. 

The stresses calculated. from (26)^ are 

" = 2Ao + -^^ 

+ | 2 Air-?^ + I ooa 

fi»a / ' 

+ (n + l} (n-2) + ooane, (20a) 


(26), 


13 
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and 


' 

00 ( • 

+ S \ n(n-l) A„r'*-2 

M“2 / 


sin 0 


_ «(»-!) D„ 

r” 1 

Now, let us choose the constants in xai such a way that 

rr = i — cos 0, 

2a 2a 


when r — a, and 


hHu . a 
tO = — sin 9, 

2a 

^ oo 

rr aQ—iS 

w = 1 

^ oc 


(26t) 


(27) 


a„ cos n6) 


rO == —yr Pn Bin nO, • 

» = i 


(28) 


when, r — h. 

Then the stress function 

X = X 1 +X 2 

is appropriate for the problem, since it gWea zero sti’esses on the inner 
boundary r = b , and also zero stresses on the outer boundary r = a, 
except at the point of contact with the ground. 

In this way, we find a sufficient number of equations, for tho 
determination of the constants j only we got four equations for tho 
three constants Ai, Bj and 0^, and we find that those aquations aro 
consistent with one another. 

The'oonatants, thus onlculated, are found to be 

A , 1 ■< -- 


a,‘^ — l)S 


i aio~~- 


2a ’ 


Bo = = Ja6%, 


A, = 


b^w 


vh^iu 


^ 4a‘^ 4(fl2 + b2)i 

■p _ va^.hHo' 

^ " 4(ft2 + b2) ’ 

0 , = — ^ 
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and for 2, 

^ (n-1) + 


whoro 


= + Q„a2 

2n(nH'l)R„ ■ 

* 2(w + l)K„ ’ 


2(ri-l)B„ 


Leb U8 now modify the problem, by assuming that the inner boun- 
dary, instead of being free from tractions, is acted upon by n normal 
traction, p cos 0, so that tho resultant force on, the inner boundary is 
vertically downwards and is equal to 

^ p 00B®d. bdO = nhpt 

— TT 


This corresponds to the case of a load applied to tho disc, by an 
axle which is rigidly fixed to the disc. In this case, tho’reaotion of the 
ground is equal to so that there is no traction on 

the outer rim except at the point of contact, where there is a vortioally 
upward force ;r(a® - + Trtp. 


We then replace w by ivi in tho equations (201, (21) and (23) and 
replace (22) by 


2a 2a *■ 


rO « 


l»(hTy“p) , „ 
2a 


(m 


where W = w + bpl{a^—b^), 
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In (24), ao, a„, /9„ have the same values as before, except that v) 
is replaced by ; a^, have now the values 

b{2a^-b^)w ,h^p 

2a^ 2a=^ ‘ 

We keep the equations (25), (2Ga) and (265) as they are, and 
replace (27) and (28) respectively by 


^ (flS — — 2^) 

rr ~ .i — i cos 0, 

2a 2a 


rO = 

when f — a, and 


h(bw~p) . „ 

-L-- — LL. am Of 
2a> 


(270 


^ CSO 

rr — — aQ — (ai -p) COB 0~ "Si a„ OOB n6, 

71 B 2 


rO 


oo 

/3„Bmn0, 

W = 1 


when r = 5. 


(280 


The constants Aq, Bq, A„, B„, G„, I)„ have the same values as 
before, except that to is replaced by w> ; and A^, Bj, 0^ aro given by 

^ _ b{bw—p) _ vh{bio — p} 

^ 4*2 4(a2 +b») * 

n _ V n.®5®(6io— p) 

^ ” 4(a3H-52) * 


Oj K — ^ b{btv-^p). 


DEPAUT^rBNT OP AVPEIEO MATtlBMATlaa, 
UNIVERSiry OoLLEQB OP SoiBNOB AND TEOHNOLOOY, 

Oaloutta. 
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SuR l’ EQUATION AUX DERIVEES PARTIELLES QUI SE PRESENTE 
DANS LA THEORIE DE LA PROPAGATION DE l’ELEGTRICITE 

By 

MAUBIOH DE DUFPAnEL. 


Lea variationa du potentiel dleclnque dana un lil qui tL’ansmet uno 
perturbation dleotrique ont dtd, comme Ton sait, reprdaentdes par 
rdquation 


A 


dt^ 


+ 2B 


6V 

dt 


G 


a^v . 

0x2 ' 


V eat le potentiel, et A, B, 0, sont trois constantes positives. 

En choisissant conv enablement lea unitds, on pout rdduire I'dqua- 


tion k la forme 






_ 

a2v 



0i 

0X2 

et enfin, en posant 

V = 

U-S 


on a I'dquation 

0 2X1 
0t2 

0 2B 

0X2 

= U. 


H. Poinoard a fait, dans lea Odm‘pies rendus, * une discussion des 
intdgrales de cette Equation, fort intdressante au point do vue 
physique; je veux montrer comment 1’ Equation precddente pourrait 
etre diaout^e de la mani^re la plus simple et la plus rigoureuse h Paide 
de la m6thod0 gdndrale de Biemann, mdthode fondamentale dans la 
th^orie des equations aux ddriv^es par tie lies du second ordre it 
caractfii'istiques resiles : o'est oe que je me propose de ddvelopper ioi. 


1. Je rappellerai d’abord les rdsulbats de Biemann, en me repor- 
tant k la remarquable exposition faite par G. Darboux, dans le tome 
II de ses Legona suv la, thdorie g^ndrale dea auvfac&a (p. 75), Prenons 
Pdquation 


0 2« , ^ 0« 
— 

oxoy ox 



+ Cd 


0 , 


* H, Poiocarfi, 8ur la propagation de V61ectricil6 {Qomptcs rendnst 26 d^cembro 
1808). .... 
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eti soit) eonsicMr^e en m6me temps son adjointe 

_ u .A da db\ 

^xdy a® dy 0r»~ 6?/ j ~ 

efc posons 

M = au^ + J — g ] 

\ Qy dy )* 

N = 6tia + W uAl _ .,9“^ 
y 9® dx j 

Soiont B 0^ (Fig. 1), une courbe ti'ac^o arbitral raoient dans le 
plan, et A un point queloonque do ce plan. 

En ddsignanfc par xq, y^, lee coordonn^os de A, supposona que 
1 on ait ddtermind la solution 

u (x, y; ffio, Vo) 

de requafcion adjointe, so rdduisant it I’unitd pour ® = = v. ofc 

prenanb la valeur 


pour 2/ — yo» band is qu'elle prend la valeur 

Cv 

\ ddy 

■ V?/o 

pour® = ®Q. Dans oos conditions, on aura 


+ (nis) 




(Nd® ~ M'di/), 


1 ’integral© ourviligne ^fcant prise lo long de 0'B^ 



Fig. 1. 
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Cotte fol’mule permel; do determiner ia solution a do requation aux 
derivdes partielles propose e, qui prend des valours donnees amsi quo 
Tuna de sqb deux deriveos pour les points de la courbe 
L 'equation 


= ^dx + 


0« 


dy, 


0£» dy 

appliquee h un deplaoement suivant cetfce eourhe, determine evideinent 
oelie des deux deriveos premieres qui n'est pas donneo a priori. 


( 1 ) 


2, Oeci rappeie, revenons ii, I’equation 

6 0 




0^2 

en remplaqant U par Transformonsda on posant 
2X = » + i, 2y ” a: — t. 
On obtient tout de suite 


( 2 ) 


d^'4 


0xeY 

L 'equation adjointe est ici : 

Q^u 


+ 5 = 0. 


+ = 0 , 


0xaY 

o’est la memo equation. 

Supposons qu'une integrate de 1 'equation (1) soit determinee par 

les conditions initialaa suivantes : on so donne a ot pour t ~ 0 

dt ' 

cos valeurs etant seulement difjirenies de adro pour x compris a et 
h (a >&). 

On volt alors quo, pour I'equation (2), on peut oonsideror la fono- 
tion z ainsi quo ses ddrivees partielles du premier ordre oomme donndes 
8ur la hisseGtrice de V angle des axes; les valeurs donnees sent aeule- 
ment differentes de zero sur un segment fini de cette bissectrice, ^ 
savoir le segment determine par les equations 


X = Y=|. 


X variant de b a. 


3, Pour appliquer la method e do Biomann, nous avons seulement 
h voir si nous pouvons determiner I'integrale u de I'equation adjointe 


axay 


+ w == 0, 
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qui poui^ X = Xq prend ]a valeur un quelque soifc Y, ofc qui pour 
Y = Yq prend la valeur im quolque soifc X. Or cette recherohe esfc 
immediate, oar, en posanfc 

A = (X - Xo) (Y Yo). 

on fcrouvera une foncfcion u ~ 0(A), satisfaisanfc A Ttiquatiou pr^cd- 
deute; en eSet, on obtienfc ainsi I’dquafcion de Bessel 


i d20 , d(p , ^ _ 


et la fonction. oherchi^e esfc la stJrie de Bessel 


„ _ 1 A , A** 

W = 1 “ rir + 




12 (1.2)^ (1,2.8)S 

4. Bigurons {fig. 2) le plan (X, Y). 

L’int^grale » esfc nulls ainsi que [ et par suite 

OA. \ 9^ 


BUr la 


bissecfcrice des axes, sauf sur la partie on a sur cette parfcie des 
suecessions de valours donndea pour fs et I d’oA r^sulto la valeur 

6 A ^ 

)• Nous avons dono la formule 
9Y/ 






J.1, a 

6x ax 


dX 




— 1 u IdY 

ai ^ef 


ce que Ton peut 6crire : 




f 


^■b ' 

+ i \ <!> 

Q. 


ax 


'6Y 


dX 


_ (Xn - Yn) 3j_ 


8A. 


dX. 



STTE L*EQUATION AUX DBEIVBES PARTIBLLES 


227 


On peufc regarder sous les signes d 'integration efc » 

oX o i 

comme des fonctions arbifcrairement donndes de X, diffdrenfces de z^ro 
entre ^ et ^ efc nulles pour tout© autre valqur de X; ddsignons les 



Fra,. 2, 

par ^(X) et x(X). Nous aurons dono 

‘‘r;' I • 

+ {U0)^ 


^ {'^b» ®o) “* 


-‘f 




f' 


xWmx, 

Qf 

2Xq = xq + ^Q, 2Yo =* ctq — tg, 

en ddsignant pas G' et B' les projeotions de 0 efc B sur OX, et en 
posant 


A = ( X — ^0 ^0 1 I Y — ^0 ~~ ^0 

\ 2 r 2 


Telle est la forme de Vintdgrale gdndralo de Vdqnation (1). 

6. Disoutons la valeur de jko). quand, ajg dfcant arbitrairo mais 
<g vorie de 0 a + x>. 

' Supposons % en dehors de rinfcervallu 6a. Lea relations, 

2Xo *^0 + tg, 2Yo a!g — tg, ^ 

montrent que Je point A de ooor denudes Xg, Yg ae ddpiaco sur uno 
droite perpendioulaire h a/3, comme Tindique la figure 8 qui correa. 
pond H !Cg>a. 

^ U ' 


liiiS . ' - • MAtJfildE ' 6E feypPAfifiL 


Tanfc que to est fcrop petit pour que le point B aoit aibui^ 1 ui . 



I'intervalle a/3, tous lea tercnea 6guraat dims Texpression. de «(to» •'®o) 
Bont nuls. C'est aeulement quand B arrive en a quo a devient 
diSArent de zdro; oeci se produit quand 

aip tp- _ 0^ 

2 2 ’ 


o'est-Mire A I'instant ajp — a, .et la partie ne contenant paa de eigne 

, , Mjj 

d'int^gration dans «(toi jbq), b'eal-il-dire — ^ , sera diff6rento de «dro 


depuis le temps ebq - a jua-qu’an temps ajp-b. On peut dire quo 
oette 'parUe correspond h unc 07 ide rdgiilidre, 

Une fois le tedipa osQ-^b ddpaasd, la valeur de « so rdduit ^ 

2 ? 

*(^0* ®o) “ iy 0(X)T/'(X)(iX — ip I j^iiX)0^(A)dX, 


On voit done ainsi bien nettemant nne aorte do rdsidu latsad par 


Vonde rigulUre roprdaeniaii lo ier^no 


l7iz), 


Quant ^ la valeur asymptbUque do ;^(tp, irp) ou i)lut6t de 
■ '* V (tp, iro) - (tp, aip) 

pour ip trfes grand, elle serait facile obtenir A Taidb de I’expressibri 
aaymptotique bien cobnue de f {X) pout* A. iriflbi, biaia je he lil'y arrfi.- 
terai pas; 06 quelibus v'enohs de dire febffit pour montrer la nature 
des ihU^alea de Vdqudtion Aea UU§)rdp}iisie'8, 

iS9, CHtOHttHBSAT, StAMBOD^ - , 

ToBQii n’Eoftora« 
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SxJH Ljss Couples de Fongtions XJKiFOj^MjjJs 
d’une Variable.. 

(Remarques se rappqrtant aux points d’une courbo 
alg^brique de genre supdrieur k I’unit^.) ^ 

By 

• f 

Mauriob db Duppahbl. 

1. J'aHtabli autrefois la proposition suiyante. 

entre deux fonotions analytiques uniformea d’une variable exist<^ 
.une rplatipfl aigdbrique de genre aupdrieur ^ I’unitd. cqs ^fonotiopB qe 
peuypnt ayoir de point singvilii 0 r essenttpl ispld. . 

Je me Buis servi, pour la d,6mpn8tration, ^ traqeQpn,duiite ,^p 

la thdorie des fonctioriia iupbs.iennes, toll,e qp'elle a dfcd cpq^tifcyd© parH, 
Poinoard, Oomme je le faisais qlors repparquer, 00 tlidorbme montre 
lan^oessitd del’introduotion des fonotions automorphea ou do fonotions 
analogues dans la thdorie des oourbes alg^briques, puisque, on laissant 
de c6td les genres et un, il est impossible d'obteniil uni© representa- 
tion paramdtrique uniforme par d^s fonotibne ay ant des points 
Binguliers eBsentreis isotSs, J’ajohte, ce qui n'eafe pas sans quelpue 
int^rSt histOrique, que o’est en s'appuyant sur le thOorOmO prdctfd^tit 
que H, Pbinoar^ donna le premier example ® de fOnotions unifo'rdiea', 
Bans lignes singulibreB, mais aveo des points' Binguliers forth aht on 
ensemble parfait : ce sont les fonotions fuohsiennea, de genre stip^rlctlr 
^ fin, existant dans tout ie plan. 

2. Les oonsiddrationa employees dans la dbrnonsbratioa' ' dd 
th^orbme prOc^dent peuvenb 6tre utiliades dans diversea questiohs 
cpncemowf Zes court es de genve ewp^rietir A uiv, de fapon k ohtonir des 
propositions prbsentanf une grande analpgle et ausai des diffdrenops 

La demonstration suppose souIemdQii qiie lea fooobioop ont une branolie tmiformo 
dans la voismage d’un .point singulier easentiel isoW, a^na qii'intevvionne la'/faijon 
dont elles BO comportent ailleurs, ' ‘ , 

* Voir la Notice mr hs irayauci ecientiflqtm de H, Pqi«card, 18 , (Paris, Qttutbipr* 

Villftri,-1886). '' '' : • ■ ' ' ' , ■ ■ '^i ' if ' ■ ^ 1 :; 
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SGiisibleB av0o des r^sultats obt©nu3 dans ces derniSres aniK^os pour 
line seulo fonction uniforme. Jevaisen donner quelques exemples 
dans oe petit M^moire. 

8* On sait que M, Landau* a fait connaitre une extenBion 
extrSmement remarquabie, aujourd’hui classique, du premier 
th^orfeme qu il a donnd jadis sur les fonotione entiferes; Cette 
g^ndralisation consiste en oe que, si I’on a un d^veloppement taylorien 
commenqant par les termea 

, aQ+a^fs-i- 

convergent dans le cercle de rayon B, et' si Ton suppose que dans go 
oerole la fonction ainsi di^finie ne devienne jamais dgale ii fsdro et un, 
le rayon B eat au plus dgal ^ une oertaine fonction 

B(ao, flj), 

ddpendant uniquement de et de . GaratWodory a fait donnattre 
une limite precise pour cette dernifere fonction. Cette question et 
d aiitrea analogues ent dtd prdaentdes aveo une rare 614ganoe et sous 
un jour nouveau par Lindolof dans une communication faite au 
eongr&B des math(5maticioha soandinaves. 

Ceci rappeld, noils' parbons de la cburbe alg^brique - 

• .. ' ' ' ’ ,, , 

HU UQpips dgal h da-ua;, H rdsulte de la thdorie des fonctions 
fuchsiennes qu on peub former^ une fonction A.(a;, y) du point analytiquo 
(a, j/), holomorpho dans .le voisinage de tout point ,de la surface de 
Biemann correspondant (1), et pour laquollo le coefficient de i oat 
. Les diverses determinations de X(x, y) se ddduisent 
d'elles . ptjtr des. substitutions linbairoa, et de plus 
d® /A* , opnduit , h 0xpri,mer ® et y par des fonctions 
.^utomprphes, 

Admettons maintenant qu'on puisse satisfaire ii PCquation (1) par 
des fonction s tr et ^ d’une variable ;<<?., indvomoTphos fi I’intbrieur du 
oerole, 0 de rayon B ayant I’origine pour centre; on suppose do plus 
^ue, pour « =* ,p, on ait = a, .y =a 6, le point (a, t) dtant un point 
ordinaire ddterminb .de la oourbe, En.fln, soient les ddveioppements 
tayloriens de x oh y autour de = 0: 


( 2 ) 


(y = h + 


(hi ^0), 


o'ii il est manifesto quo 6i s’exprime- ii' Taide de a et de £ti.‘ 
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Nous substituoDB clans la fonotion \{x, y) la place de (», y) les’ 
fonotions m^romorphes de donfc 11 vient d?etre parI6. La fonotion A 
devient alora une fonction de holomorphe dans le cercle 0, et le 
cdeffioient de ( dans ootte fonction est positif. Considdrons olors 
r expression ... 

ss ^(^1 y)’*“A(a, h) 

^ ^ Afe7/)-Ao(a. h)\ 

eri ddsignant par Ag(a., b)\a quontitd imaginaire conjugde de A(a, h). 
Le module de la fonction E(«) holomorphe dans le cercle 0 est 
ihfdrieur ^ runitd, Ddveloppons cette fonction suivant les puiBsances 
de Oommengons oet effet par ddvelopper A(a, r/) suivant les' 
puissances de rc — a dans le voisinage du point ahalytique (c, 6); -on 
a ainsi 

Mx, y) ^ fj.{a) + {x-a)fj.>{a) + 

(i{x) dbant holomorphe dans le voisinage de a. Nous avons alors 


ml 


E(^() = + + 


A, « 



uo(o) dtant le oonjugud de fi{a). 


Puisque, dans le cerole de rayon E, le module E(«f) es.fc ihfdrieur A 
un, on aura 

I AjE I 1, 

et par suite 

E •< ’ A(Q')’*’Mq(^) 

ai/x/(a) [■ 

Nous avons done le thdorfeme suivant, oh nous posons 


B(a, a^) 

■J i..: '. '• I' 


aifxi{a] 


Gonsiddroni un point (a, b) de la courbe f, on met h la plaoo de x 
dans V equation 

(“) /(®i V) **0, 


une fonction mSromorphe de a 'dans un certain 'domaine autour 'de 
rorifiima, dont U ddveloppementjaijlorien autour de est dotmd par’ 
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h fomV’h > , . . , ; i ; . j 

On tire de (a) 7 a fQnciion y de z, prenant z = 0 la valeur de b , ’ Los deux 
fonctions x et y de z he pourront Hre simulianiment mdromorphes dans 
un cerdle ayant Vorigine pour centre et un rayon supdrieur a R{a, a i) 
expression qui ddpend seidement de a ot de a^, et mdlomont dos autret 
cocffioienis du ddveloppement de x. 

4 . Le t;h^oi;6u3i0 pr^c^dept peut etre gdndpalisiS pri utilisppt, ,au lieu 
de la fonction X{x, y), une aufcre fopotiou de mppae nature. Op pout 
erpployer la fonotion ij{x, y), joulesant de propri^t^a analpguos ii cellep 
de A(k, y), aapf qu’eUe admettra sur la eurjEaoo ,de Biemann des poinijs 
aingulierB de pature logarithmiqus 

(8) (aa./Sg) 

rentier q dtant queloonque. 

Oonsid^rons alors deux fonotions x et i/ d'une variable z, satiefaiaant 
h, (1), m^romorphes I’int^rieur dp oercle 0 do rayon R ayant rorigiuo 
pour centre, et telles que le point de (ju, y) ne coincide dans oe cercle 
avec auoun des points (a^^, ^;,)ide la suite (8). Substituons alors dans 
la fonotion 7r(®, y), h la plaoe da (££;> ?/)» les fonotions mdroinorphes dont 
il vient d'etre parld; la fonction n deviant une fonotion do Zf 
bolomorphe dans le oercle 0, et le ooeffioient de i dans oetto fonotion 
est positif. 

II n'y a plus qu'ii raisonner comme nous I’avons fait plus haut, 
pour savoir que le rayon B eat infSrieur h uno oerfamo fonotion de a 
et de ai, en d^signant toujours par 

X =s 0 +d.iP d’.v 

le ddveloppement taylorien de x dans le voisinage de « = 0. 

6. Indiquons une autre consdquenco du npi6pae genre d’ analyse dans 
un ordre d'id^ea different. Divers g^omfetres ont indiqud d’importants 
th^orfemes sur la convergence dep suites de fonotions.^ Ed laissant 

■ ^ On peufc voit pour ]a bibliogrnphie un MStuoire do Oarubh^dory at Lnndau $ 
Beitr^gp jZrtr Konyorgenf! you Fu n ktiottppfolgpn , gibz angsbpribUbe dpr Kgi . PcpuepiBoli o n 
Akademio der Wiasenacbaften (adance du 10 raai 1011, 587 dlfl). On cpnaultarB. auaai, 
flur ce Bu)ct, deux Notes importantes.de M. P. Montel • ** Sur lea Couctiona analytifjuoa 
qui adraettenfc deux yalaura exception do I les dona un domaine,” Gomptoa rendu a'' Ao, 
dpa SpM tflPJ? J53, .2,0 noyombre’ 1911, ■098-9fl8; “ 8ur rind(?{;oi'minubiflii 

d’une fonotion unifpme dpna Ip,ypiainag6 de.aea points eaBontiols/' (itnl./sdunco du 20 
itixmhte', li$6'1466), • ' ’ 
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de l6 fch46r6cQ0 dIdtneiltiBire do Woiei’sfcrass, nous avona d'aboi'd 
lo thfior&me donii4 pat Stleltjos dans son odl6br© Mdmoire sur lea 
fonctions oonfcinuea, ^ qui n’est d'ailleurs qu'un cas particulier d'un 
thdor^rae plus rdoent do Vibali, Susoepfclble d’etre ainsi formal^! Soient 
lea fonotions 

/a — 

holomorphea dans le oerole 0 de rayon un, et tellos quo I'on ait, 
quelque aoit n, 

! /«(«) I < (7, 

g dtant un nombre fixo. On suppose quo /„(») ait une limite, n 
grandiasant ind^6nimenb, poiir une infiaitd de points de 0 ayanb au moina 
un point de condensation ^ Tintdrieur de 0, Dans oes conditions, /„(;?) a 
nne limiie pour tons Us points de I’inUrieur du oerole, ot oetie limite 
est une fonction holomorphe do o d, I'intdrieur de 0. 

Dans lour Mdmoire {loo. oti.') Oarathdodory et Landau font 
connaltre un thdor^ne remarqUable pour lequel I'dnoncd eat celui de 
Vital!, 80 w/ quo la condition 

I /»(«) ! < 3. 

est repiplaoSe par la condition qu'auoune des fonctions f„{^) ne prend 
dans te oerole 0 les valours a oi b {a ei b 6ia7ii deua donsthptes 
distinctes). 

0» Nous devons nous at ten dre h avoir, dans le domaine des 
Qourboa de genre supdrieur d m, un tb^or^me analogue i celui de 
Oarath^odory et Landau, mais ou Vdnoncd n'aura pas d envisagor de 
vaUurs exceptionnelles. 

Beptenons la odurbe (1), solont 

(®1' i/l)> (®2i Vn) 

den couples de fonctions de la variabte «, radromorphes dans un oerole 
C ayanb rotigine pour centre, etsatisfaisantaux Equations « 0. 

Nous allona dtudier le thdordtne suivant; 

8ile couple {x„, pn) a une limite pour une infiniid de points du 
cercle 0, possddant rtU inbine un point de condensation h son inUrieur, 
lo couple (a)«, y„) aura une limite pour tons les points de I'intdrieur de 
0, et Us coordonndes de ce couple limite sont des fonotions mhomorphes 
de «. 

^ Voir la correspond unde d'Hierrqite eb d 9 StieltjeB (Parja, Ganbliier*Vill4t&), toin^ 
11 , 1905 , 
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II Buffira de reprendre la fonotion A(aj, y) dont nous uoua somraos 

servi plus haub, ou plut6t la cotnbmaiaon d4j^ uliilisde 

X(a;, y)-k(a, h) 

y)’-XQ{a, b) ' 

en d^signanb par {a, b) un point d^termin4 de la oourbe, ob reprdsentanb 
par Ao(o, h) la quantity oomplexo de A(a, 6). 

La fonotion de « . ' 


_ Afaj)), A(<i, h) 

Hx^,y„)~XQ{a;b) ’ 

est une fonotion holomorpbe dans le oorole 0, et dont le modulo osb 
inf^rieur li I’unitd. Nous obtenona ainsi une (juibe de fonotiona 

■ Oi(«). Gi2(«), a«(«), 

holomorphes dans 0, et pour leaquellea 

\ G 'M I ^1. 

On pout alora appliquer le thdorfeme de Vitali, puisque Q-«(«), 
commeie couple (as^, y,,), a une limite pour une mflnitd de points du 
cerole 0 poasddant au moina un point do condensation dans 0. Do la 
limite de G-„ ae dfiduit de suite rexiatence de la limite du couple 
(ajjii y»)> puisque I’inversion de A se fait d’une raanifere uniforme. Le 
reste de ddmonatration eat immddiab. 

7, Lea exemplea prdcddents, qu*on pourrait multiplier, suffiaent A 
montrer lea analogies quo prdsente aveo le oaa d’une seulo fonotion lo 
oaa d’un couple (w, y) de fonotions uniformes satiafaisanb A / (de genre 
p 1), et Ton voit aussi lea difldrenoes. Oellaa-oi peuvonb fibre 
bribvement formuMaa en disant quo, dans le domaine des oourbea de 
genre !s6ro et im, on doit omisager des valours Gxoeptionnellos, band is 
que, dans le domaine des oourbea de genre aupdriour A un, il n’ost pas 
ndoessaire do- oonsiddrer des valours exceptionnollos, O'oat de lA quo 
provient la difference des finonods prfio^dents aveo ceux qui onb 4t4 
rencontres ant^rieurement. 

. 29 , Obiohli HBaAT,. 

■ S'^AMBOOTj, 

d'Bdropb, 
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' An Extension, of Wilson’s Theorem- ; 

By " " 

.• N. Rama Rao and N. BASAVARAJa. 

Rrom the point of view of residues, Wilson's theorem,^ i.e., ^ 


(p — 1)1 + 1 a,0,.. 


can be stated as follows : 


Ha s 

I ^ 

(a,p) = l ; 


• 1 . 


In this note, wo prove a theorem of this obaracter fop any modulus 
m. It may . be noted that the point of proof,' is'that the' cougruehoe ' . 


= 1, • ' ' 3), ■ ’ » 

■' ■■ ■ ■ f-f [ ' ■ ' . 

has always an eveii number of solutions,;' „ • .. 

Theorem t ■ ■ i-- \ 

■-^^1, if w«4,.or/p*;or {p >^2, Z !> 0), - ■ , 

+ 1, otherwise. 


Ha B 
1 < a < w 


Proof : The congi’uance : 


^ ax: m 1, wh6n(a,w) = l, ( 1 ) 

has one and only one solution and it is obvious that {x, 


We now divide the ^ (m) 'a' a into two clasaos, (1) those for which 
a; t «» and (2) those for which x~a. The former obviously divide 
themsOlvea into pairs. ' The humber.n of the latter ‘is; the number; of 
solutions of ■ ' ' 


x^ e l,' 






We write a a l», wlicn } p doiiotoa a prime,' 
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It now follows from known theorems* that we 2, if m~4 or 

4 

p* or 2p^, whore p is a prime > 2 and I > 0, and na 0, otherwise. 
Also if b is a solution of (2), then so is m — h and (b, m) — 1, 
(w- b, m) — l and Wr-.b ^b. So, the V' s of olasa (2), can be divided 
into in pairs of the type h, m — b. 

Hence 

Ha = Hfl. Ha s Hb (m-b) = (-1)^ 

mm 

a < w a^^ 1 1 b ^im 

m 

{rt,w)esl l^«<w ^ I 

(a,w)=:l (a,m) = l ’ 


•1, if m— 4 or p* or 2p^ (p > 2, i > 0), 


( + 1, otherwise. 

^Remarh: The result for 7H = p* and 2p*, also follows from the 
theory of primitive roots. This seems to suggest some connection 
between the result of the theorem and the theory of primitive A roots,! 
although we fail to see wh^t it is. 

The preceding proof depends on the theory of quadratic residues. 
Since Wilson's theorem itself can be proved without recourse to the 
theory of quadratic residues ot primitive roots, a proof of: the theorem 
by induction alone, starting fwm Wilson’s .theorem, would be of 
some interests 

(0 Let m=2^ , A ^ 1. 


Then 

■ 2 

Ilfl =1 s ±1’ 

o<a.<2 

<1. 

and for A > 2, 

Ha ~ 1.3 • S"-l 

(a, 4) = 1 
o<a< 4 , 


A 

Ila ~ Hfi. 

(a,2) = l {a,2) = l 

n(2^-a) 4 (.-1)2^“® xia^ 
{a,2) = l (a,2) = l 

e,<a<2^ o<a<2^'*^ 

o<!a<2- o<;a<:;;2 


( 8 ) 


A 

2 

jS 1 p 

A“l 


* See Landa\i, Vorleeqin^en t\ber . Zi^ldopkheone, Bd, 1 , Satz 88 aad Satz 71 , 
f See Oarmiohael, Theory of Numbers, Oh, 6, 
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f Ha s 1; and tHe I'eSblt' followia froin (8) by liidUCtioii, 

(0,2) = 1 


(n) Let w«p^ p > 2, i > 0. 

■ m"' ■ '.’.I i :: 5 

Then, by Wilson's theorem, 

Ha + . (4) 

o<a<p 

(a,p)»l 

and fori>l, 

Ha n (rp*”^ + a) b[ IIo 

o<a<p> »•-« o<a<p*-i o<a<p*-i 

{o,p)«l (o,p)«l “ 


, P 

( since Sl/a e ,o ) 

o<a<p^‘"i 
{a,p)==l 

0 vL 

• (-l + vp^“l) es - 1 , ( 6 ) 

if Ila s -1; and the result follows from (4) by induction, 
o<a<p*"^ 

(a.p)«l 


Finally, let m be any composite number containing at least two 
distinct primes as factors. We now observe that for a > 1, 6 > 1, 

a 

(a,6)=3l, the congruence pstc, o^p<o6, {y,ab)’=>l hai 

exactly 0 (6) solutions. 

({I'O Let m=2p , pl>2. 

* r« 

/’ p 

Then Ha b Ha s—l, 
o<a<2p o<a<p5j 

(o, p) 5* 1 (a,p) = 1 

Hence 

« 

apji 

B -1. 


Ha 

o<a<2p' 

(o,p)«l 
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' ■ ' Numerisohb Identitaten 

By • • • - ^ 

Alfred Mobssner 
» 

I. (a) Das Symbol » bedeu^, dass Summengleiohheit in n 
versohiedenen Potenzen bestehe. So bedeutot zum Exempel 

A, B, 0, D, E,F,,G:, , , (n = l, 2, 8), 
dass Gleiohungssystem 

A 4" B + 0 ,=sD +B +E + G, 

. ^ A3tB^ + GS«D8 + E8d'3j’® + Gl®'. 

Nach einem Satze der ^/ahlontfaeorie foigt aus, > , - .. . . . 

nr.\ 

A i , A2', A g ; . .. B.J , B5, B^3' , ; , , 

furn=2, 4 ... 27c mifc 7c + 1 Gliedern auf jeder Seite die Identitai; 

Aj“"iBj A2’”®> A3“a3i ,..j B^H-ajj Bg + ccj Bg + tUi ... 

,s=i Bi--a5, Ba-r-oj, Bg—a:,, Aj + aj, -Aa’+a;, Ag + a, ... 

fur n.a=l, 8, S, ... ■ 2ft + l Diit 27c+2 Gliedern auf jeder Seite, 

Dieser Satz sei in naohfolgenden Zeilen auf einige numerisoho 
Identitaten angewondet, wobei gewisse Bedingungen erfullt warden 
sollen, 

(6) let /c«l, 80gibtaii:2 dieGleiohung Af4-A| + 
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Hiebei eei Aj t ^2 und Bj ^ Bg. Wenden wir nun den Satz unter 
(a) auf diese Gleichung an, so erhalten wir Belationen von dor 
Form 

Xi.Xa, ... X, = Yi.Yg ... Y„ (n=.l,3), 

wobei stets (0 + v) ^Oisfcund wobei alle Glieder poaibiv werden, 
wenn die negativen Glieder auf die entgegengesetzte Gleichungsseito 
gesehafit werden. Wir bekommen die verscbiedensten JRolationen, 
je nachdem wir setzen 

fl. Oder (c oder oj 

oder » = Bg — Bj oder a =f 2 oder a; 

Oder R5 « . oder aj « 2 

Hier selen einige numeriaohe Exempel angegeben : 

Aus 72 + 93 32 + 112, folgtbei cb= 9-7 die Idenfciat 

6/7, B, 18 ^ 1, 9, 9, 11 (n=^l> 8); 

auB 12 + 82==4* + 73 folgtbei a>=8 — 1 dioBelation, 

1, 8, 11, 14 ^ 6, 8, 16,.. {rt:^l, 8) ; 

auB 2® + 16® = 82 + 142 folgb bei a!=s ■ die Identitlit 

1,17,23 « 6, 11,26, (7i-=l, 8) ; 

bei .72 + 62,ss22;^0a ergibt j»=2 dasEesultat 

" 6, 4, 4, 11 s= 7, 9, 8 (71 = 1,3);; 

auB 72 + 92.= 32 + ll® wird bei «= das Eeaultat 

■ 2 , ■ 


~ Ag — Aj 

=s 

2 
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2,2, 8, 6, 18 ^ 6, 10, 11 ■ (n=l, 8), 

(o) InfcereBsantere Falle orgeben sich, wenn man von der Gleiohung 

A? + Ae = B2 + Bi, 

wobei Ai=Ag,.aufig6ht. 

Setzt man bier aj—AjSsAg, so bekommtmanRelationen vender Form 

Xi,X 2 ,Xs - Yi, Yg.Yg (n = 1.3). 

So wird au8 6^ + 6*^s3l^ + 7® bei a!=»6 die IdentMb 

2,8,6 « 1,6,6 (n-1, 8). 

Geht man von der Gleiohung 

Af + Ai * Bf + Be, 

wobei Bi = 0 ist, also von einer pythagoraischen Gleiohung, aus 
und sefczt bo hommfc man zu Eolationen von der Form 

U, U, 2TJ .= Q, R, V, W (w»l,8). 

So folgfc aus 82 + 42«02 + 6® bei aj=6 die Identitab 

6, 6,10 = 1, 2, 8, 9 {n=l,8). 

Setzt man bei 

Af + A| = + 

B 

wobei Bi=0 iat, so ergeben sich Relationen von dor Form 


M, N, P 2: S, T, Z (n«l, 8). 

Fine AuBnahme macht 62 + 82=: lO^, denn hier ergibt a: = - dip 

Relation . ' 

1, 8, 6, 16 =a 11, 18 (n=3l, 8). 
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S^fczli man bei Af -(■ A|=Bf + B| wobei B^^O ist, A] +A9 ^ ^ ^ 

2 

bekommt man Relationen von der Form 

G,a,H = J,K,L (rt-1. 8). . , . . , ; . , 

Exempel: Aus 103 + 242=02 + 202 0rgibta:=i^^ die Rolafciou 

2 

17,17,43 - 9,27,41.. 

(d) Wir setzten bei de Gleiohung 

A{ + A|.= Bf + Bi, 

wobeiBi=0i8(i,a!= Al±® 1L (Annahmo: A 3 >' A,) und oriialton 

dann Identitiiten von der Form ’ , 

A2 + A2 + B + a = DS + B2 + F + F, 

A‘’ + AO + B3-b08 = DO + I)C + E^> + F2. 

Exempel: 103 + 242=5 02 + 202 orgibta: = 18imdmanbekoinmii ' 

83 + 83 + 8 + 22 = 22 + 22 + 14 + 21, 

8« + 80 + 82 + 223 = 20 + 20 + 148 + 212. 

Eino Bingulare LSsung ergibi) 83 + 43 = 03 + 62, namlioh 
23 + 23 + 82 = 12 + 13 + 7 + 0 ; 

20 + 20 + 80 = 10 + 13 + 79 + 83, 

II.. Wir wonden den Satz unter (la) auf die Relation G, G = 

J, K, L, fur n=2und 4 an. (N.B. Hiebei muss sfceta J + K»l4 
sain.). Wir sohreiben die Relation analog gewissen Filllen unter I 
in dieser Form : i; ^ ^ -. i 

, Q, G, G = , J, K, L fuy »»2, 4, 



NUMBRISOHB IDBNTITATBN ‘24^. 

. setzen a?-2G und boliommon , , 

-2a,-a;‘^a, j + 2G,K+2G, L+2a - -i 

« •J + 2G, K + 2G, L + 2G; 2G, 6G, SG, fur 1,3, fi. 
Ba ergabou Bich Ideatitiiten voil der Form 

Mj.Ma, Mg, Mg.Mo « 2 {N, P, Q) . ^ 

fiir H — 1, 2, 8, 4, 6, wanii man die nogativen Qlieder auf die entgegen* 
gasofczto Seita sohafft. 

So bekommt man aua 

• • , 

0, 7, 7 « 8, 8, 

fur n = 2, 4, wann 05-2.7 ist, die Idenbiili 

iil'l'i 

6 , 9 , 11, 17, 19 , 22 = 2(7, 14, 21) furw=l, 2, 8V4, 6. > •" 
N.B,, Bei der Id anti tilt 

^ 1 . Mg. Mg i 2(N, P,Q) fur 2,8,4, i), 

bestehen nooh dia Boziehungen P«2N und Q«8N, ferner ; 

Mj+Mfl = Ma + Mf} « Mg’+M^ssN^fQ » 2P. . 

' '(i] Setzt man baiO, G, G « J, K, L fdr n«2, 4 bai Anwendung ’ 
dea Satzes unter (la) fur a;— G, bo bekommt man Idantitiiten von der 
Form , • . 

0 , b\ c, (7, 0 cs /, Q-, G, 2G, 2G furrtesi, 8, 6* ' ' 

'• (o) Setzt man bei 0, G, G = J, K, B, fiir 7i-s=*2, 4 bei Anwandung 
dea 

erwiilmten Satzes fur 05=» — so bekommen, wir Identitiltan von 
dor Form 

» j;-«. . ' ^ ! ( ■ • ■ 

, fft 0> 9t w, m, w, q, r, f fUrn»l.,8,4 , 

le 
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wenn man die uegativen G-lieder auf dieoatgegengesetateSoIfcoaohaSE fc. 
Da sich beiderseits oin Qlied sfcreiohen liiast, wean man boi 

0,7,7 8,6,8 furn = 2, 4 

den Satz unter (I fl) anwendet und 03 = ^^^ setizfc, so ergibt sioh aua 

diesem numerisohen Exempel die morkwiirdigo (eingultirG ?) Identitat ; 

6, 6,6, 9 = 1,1, 2, 7, 8, 8 fur 8, 6. 

{d) Wir setzen bei 


0, 2G, 2a = 2J, 2K, ,2L fur ^*=2, 4, fur a 3 = 2 J + K^ 

und wenden unseren Safcz an, dann bekotntnen wir, wonn wir die 
negatiyen Glieder -apf die enfegegengeaelizte Seito aohaffen, Identitaten 
yon-'der Form ’ 

g, r, r, s, t,u ^ 2(^j, iv) fur 7i = l, 8, 6. 

Boispiel: jBei 

• - I " . ' • 

• 0, 26,. 26 « 14, 16, 80 fur ?i«2, 4 

ergibt aich «: = 14+ 8= 22 und wir bekommen das numerisoho Dxompel 

' ‘ ‘ 8, 2, 2,18, 19, 26 = 2(11,24) furw-1,8, 6, 

naohdem wir den gemainsamen Fakbor 2** gestriohen naben; 

Bemerkung: Wir haben durcli Anwendung einea cmnigcn Satzes in 
olementgrer Method© jib nliohe Identitaten entwiokelt, wie sie A. 
Golden* fand. 

l^urnberg, Gerniany., I 

* Of, Ni 0 uw Arohiof voor Wiakunde, 1096, 85, (Edibion NoordliofE, GronJngon 
i, Holland). t ‘ . 
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Rings with Non-Oommut/vtxvb Addition 
By 

Oloa Taussky, 


In u pnpor to uppoar in Monataliolto fill* Mathomatik und Physik 
3.*I), Purtwiingloii* and I proved that a ring whioh contains an element 
wliioh ia not a zero divisor baa nocosanrily commutative addition. 

Tho term ring is uaed lor an (not nocoesarily abelian) addibively 
written group G for whoso olomonba a second compoaition (called 
multiplioution) is dcflnod auoh that 

a(h'l*o) =3 flh'hao, 

{b H-c!)a = 

Wo ahttll prove a thoorom which generalisos tho fact mentioned 
above: 

Theorem 1, Any two clomenta of a ring whioli are yroduots are 
permnlahlo. 

Proof, Lot US denote tho additive group of tho ring by G. Let 
< 1 , b, 0 , d bo arbitrory clomcnta ot G. According to tho distributive 
laws wo can oomputo tho product 

(a4’l))(« + d) 


in two dilTorcut ways, Wo obtain thus 


honou 

If wo put 
wo obtain 
or 


«o-l‘6o*l'(HLf<td ew ao-\-(uh\'ho + bd, 
bo^'Ud » ad -I* ho. 
a w h, 

a(o d- d) ft(dH-o), 
ft(oH'd-o-d) 3=0, 


T'rom thia, tho thoorom mentioned at the beginning follows. ' For, 
if thoro oxistfi a non-Koro diviaor, a in G, o-l'd-o-r? is necessarily zero. 

Wo can oven say: If ihevo oxiula an olcmoniiohieh knot both 
left and right zoro^divieor, G ie ncGcssiirily abelian, For, If a is left 
SBorO'divisor, hut not right /.oro-divisor, we oonsider tho expression 

{0'\'d){a\-b) 

and put a « h. 

It follows (c + d-o -(/)« » 0 , 

honoo 0*1' d « d*i*o, 
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Hence : If G is noi abelian, every commuiaior and therefore every 
element o of the commutator sub-group ia absolute isero divisor, 
i,e,, eg « go = 0 for overy g e G.'^' . 

From the distributive laws follows then : a product is not altered 
if one adds an element of G' to one of Its factors. From this 
follows 

Theorem II. The mnliipliGaiion of G inducca a muUipliGalion for 
the rosidue-cl asses with respect to G — G^ is, of course, a ring 
ivUh commutative addition, 

As the elements of G which are products are pevmutablo among 
thomselvos, they generate an abelian sub-group P of G. Let us call 
I the group which is the intersection of I* and G'. If I— 0, no element 
of except 0 is a product and every residue-class with rospect tp 
Q' contains at most one element which is a product. In what, follows 
W© shall consider rings such that I— 0. 

Theorem III. Let G^G* be a ring. The vtultiplication of G — G^ 
can ho extended to multiplication for O such that J—0, if and only 
if in overy class of Q — G^, which is a product, a representative gan bo 
ohoaen such that those elements generate a group which has no inter- 
seotiomoith G'. 

Proof. The condition mentioned In the theorem is obviously 
necessary. 

We prove now thot the condition is suffioient. Let there exist a 
sob of elements representing the residue-classes with respect to Q', 
such that the group generated by the elements which represent 
products has no intersection with G^ Let us define the prodiibt of 
any two elements a, b of G as the element whioh represents the 
product of the olassos defined by a and 6. We have only to IirovG 
that the distributive laws hold for this multiplication. Let a, h, o 
b© any elements of G. Since the distributive law holds f6r Q G', 
tho elements a(b-l o) and ab-l-ad are In the same class with respect 
to QL Hence, they can only differ by an element of But 

a(h +o)~ab~ao is an element of the group generated by products; 
Hence it is 0, In tho same way tho other distributive law follows. 

* If Q ooiiicules wilt <3' it can only be a ring, where (tb~0 for every d, b •'Cii' 
The aatUor is indobtod to Mr, H, TVTann for a helpful remark, 

' i ' • ' * 
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